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PREFACE. 


elementary  ideas  of  the  Trigonometrical  Ratios 
are  very  simple,  and  familiarity  with  them  is  of 
very  great  advantage  in  the  study  of  Elementary 
Mechanics  both  Theoretical  and  Practical. 

There  must  therefore  be  many  students,  who  have 
little  leisure  for  the  study  of  pure  Mathematics,  who 
would  find  it  worth  their  while  to  acquire  a  knowledge 
of  the  Trigonometry  of  one  angle. 

Moreover  the  University  of  Cambridge  requires  in 
the  Mechanics  section  of  the  Previous  Examination 
and  in  the  General  Examination  a  knowledge  of  the 
Trigonometry  of  one  angle. 

I  have  therefore  condensed  and  arranged  the  follow- 
ing pages  from  my  Elementary  Trigonometry  in  the 
hope  of  providing  a  text  book  suitable  for  the  large 
class  of  students  above  referred  to. 

A  few  of  the  articles  have  been  re-written.     The 


vi  PREFACE. 

application  of  the  signs  +  and  —  seems  to  follow  natu- 
rally from  the  consideration  of  Angles  and  Lines  as 
displacements  of  direction  and  of  distance  respectively. 

A    set    of   Examination    Papers   for   Exercise   are 
appended.     Solutions  are  given  of  alternate  Papers. 

Any  suggestions  for  the  improvement  of  the  book 
will  be  gratefully  received. 

J.  B.  L. 

CAIUS  COLLEGE, 

February,  1891. 


NOTE. 

Chapters  IX.  and  X.  are  not  required  in  the 
Cambridge  Previous  Examination. 

Chapters  VII.,  VIII,  IX,  X.  and  probably  VI.  are 
not  required  in  the  Cambridge  General  Examination. 

Chapters  VII.  and  X.  are  not  required  by  Candi- 
dates for  the  Advanced  Stage  of  Theoretical  Mechanics 
in  the  South  Kensington  Science  and  Art  Examina- 
tion. 
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THE  TEIGONOMETEY  OF  ONE  ANGLE. 


CHAPTER  I. 

1.  DEFINITION.  The  angle  between  two  lines 
OR,  OP  is  the  amount  of  turning  about  the  point  0 
which  one  of  the  lines  OP  has  gone  through  in  turning 
from  the  direction  OR  into  the  direction  OP. 


0  R 

Thus  in  Trigonometry  the  angle  EOF  indicates,  not  necessarily 
the  present  inclination  of  the  two  lines  OR,  OP,  nor  the  least  amount 
of  turning  required  to  bring  the  line  OR  into  the  direction  OP,  but 
a  certain  amount  of  turning  which  OP  has  gone  through  since  a 
certain  instant  when  it  had  its  initial  direction  OR. 

2.  An  angle  is  a  displacement  of  direction. 

Example  i.  A  complete  revolution  of  the  line  OP  from  the  direc- 
tion OR  and  the  direction  OR  again  is  a  trigonometrical  angle.  Such 
a  complete  revolution  may  be  called  an  angle  of  four  right  angles. 

Example  ii.  What  is  the  angle  described  by  the  minute  hand  of  a 
clock  between  3  o'clock  and  a  quarter  to  5  ? 

The  hand  makes  a  complete  revolution  +  three  quarters  of  a  com- 
plete revolution. 

The  angle  is  If  of  4  right  angles ;  that  is,  7  right  angles. 

3.  An  angle  may  be  described  about  a  point  in  either 
of  two  directions. 

L.  T.  A.  1 
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You  may  cause  a  line  to  turn  about  a  point  in  the 
direction  in  which  the  hands  of  a  clock  turn,  or  you  may 
cause  it  to  turn  in  the  opposite  direction. 

It  is  convenient  to  refer  to  these  two  directions  as 
clockwise  and  counter-clockwise  respectively. 
Fig.  i.  Fig.  n. 

P  Q 

P 


o 

4.  By  the  addition  of  two  angles  ROP  +  POQ,  we 
indicate  an  angle  traced  out  by  the  revolving  line  which 
turns  first  through  one  of  the  angles  ROP,  and  then  on  in 
the  same  direction  through  the  other  angle  POQ.     [Fig.  I.] 

For  example  +  1  right  angle  +§  right  angle=(+l  +  f)  right  angle. 

By    the    subtraction    of    one    angle    from    another 

(  +  ROP  —  POQ)  we  indicate  an  angle  traced  out  by  the 

revolving  line,  turning  through  one  angle  ROP  and  then 

back  in  the  opposite  direction  through  the  other  angle  POQ. 

For  example 

+ 1  right  angle  -  f  right  angle  =  (  + 1  -  f)  right  angle =^  right  angle. 
Moreover,  if  we  interpret  the  signs  +  and  —  as  applied  to 
angles  to  indicate  opposite  directions  of  revolution  we  may 
subtract  a  greater  angle  from  the  less. 

For  example 
-  1  right  angle  +  f  right  angle  =  (-!  +  §)  right  angle  =  -  £  right  angle. 

Where  -  J  right  angle  indicates  that  the  revolving  line  has  been 
turned  through  £  right  angle  in  the  opposite  direction  to  that  in 
which  it  turned  to  trace  out  +  £  right  angle. 

5.  In  what  follows  we  shall  usually  take  +  as  indicating 
the  counter-clockwise  direction  and  -  as  indicating  the  clock- 
wise direction. 
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6.  The  angle  ROP  may  be  the  geometrical  representa- 
tive of  an  unlimited  number  of  Trigonometrical  angles. 

(i)  The  angle  ROP  may  represent  the  angle  less  than 
two  right  angles  as  in  Euclid. 

In  this  case  OP  has  turned  from  the  position  OR  into 
the  position  OP  by  turning  about  0  in  the  direction  contrary 
to  that  of  the  hands  of  a  watch. 

(ii)  The  angle  ROP  may  represent  the  angle  described 
by  OP  in  turning  from  the  position  OR  into  the  position 
OP  in  the  same  direction  as  the  hands  of  a  watch. 

In  the  first  case  it  is  usual  to  say  that  the  angle  ROP  is 
described  in  the  positive  direction,  in  the  second  that  the 
angle  is  described  in  the  negative  direction. 

(iii)  The  angle  ROP  may  be  the  geometrical  repre- 
sentation of  any  of  the  Trigonometrical  angles  formed  by 
any  number  of  complete  revolutions  in  the  positive  or  in 
the  negative  direction,  added  to  either  of  the  first  two 
angles.  (We  shall  return  to  this  subject  later  on.) 

NOTE.  The  student  will  find  that  when  an  angle  is 
referred  to,  the  symbol  TT  is  often  used  to  denote  two 
right  angles. 

EXAMPLES.    I. 

Give  a  geometrical  representation  of  each  of  the  following 
angles,  the  starting  line  being  drawn  in  each  case  from  the  turn- 
ing point  towards  the  right. 

1.     +3  right  angles.  2.     +  5  right  angles. 

3.     +4|  right  angles.  4.     +  7|  right  angles. 

5.     - 1  right  angle.  6.     10§  right  angles. 

7.     -  10^  right  angles.  8.     +4  right  angles. 

9.     -  4  right  angles.  10.     4?i  right  angles. 

11.     (4/i  +  2)  right  angles.        12.     -  (4n  +  i)  right  angles. 
13.     The  angle  STT.  14.     The  angle  fr. 

1—2 
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RECTANGULAR  MEASURE. 

7.  Angles  are  always  measured  in  practice  with   the 
angle  (or  Pai>t  of  the  right  angle)  as  unit. 

8.  The  reasons  why  the  right  angle  is   chosen  for  a 
unit  are : 

(i)  All  right  angles  are  equal  to  one  another, 
(ii)  A  right  angle  is  practically  easy  to  draw, 
(iii)  It  is  an  angle  whose  size  is  very  familiar. 

9.  The  right  angle  is  a  large  angle,  and  it  is  therefore 
subdivided  for  practical  purposes. 

10.  For  the  purposes  of   practical   measurement  the 
right  angle  is  divided  into  90  equal  parts,  each  of  which  is 
called  a  degree ;  each  degree  is  subdivided  into  60  equal 
parts,  each  of  which  is  called  a  minute ;  and  each  minute 
is  again   subdivided  into   60  equal  parts,   each   of  which 
is  called  a  second. 


Instruments  used  for  measuring  angles  are  subdivided 
accordingly ;  and  the  size  of  an  angle  is  known  when,  with 
such  an  instrument,  it  has  been  observed  that  the  angle 
contains  a  certain  number  of  degrees,  and  a  certain  number 
of  minutes  beyond  the  number  of  complete  degrees,  and  a 
certain  number  of  seconds  beyond  the  number  of  complete 
minutes. 

Thus  an  angle  might  be  recorded  as  containing  79 
degrees  +  18  minutes  -f  364  seconds. 
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Degrees,  minutes,  and  seconds  are  indicated  respectively 
by  the  symbols  °,  ',  ",  and  the  above  angle  would  be  written 

79°  .  18'  .  36-4". 

The  expression  '  the  angle  -4,'  when  A  stands  for  some 
number,  is  an  abbreviation  for  '  the  angle  A0.' 

When  it  is  clearly  understood  that  the  unit  is  a  degree  there  is  no 
difficulty  caused  by  omitting  the  symbol  °. 

NOTE.  It  was  pointed  out  by  the  French  at  the  end  of  the 
eighteenth  century  that  it  would  be  convenient  to  subdivide  the  right 
angle  into  decimal  parts.  It  was  proposed  to  call  the  hundredth 
part  of  a  right  angle  a  grade,  the  hundredth  part  of  a  grade,  a 
minute,  and  the  hundredth  part  of  a  minute  a  second.  But  as  all 
calculations  and  results  had  hitherto  been  recorded  in  degrees  etc., 
the  disadvantage  of  having  to  alter  all  books  and  records  of  all  kinds 
has  proved  an  effectual  hindrance  to  the  adoption  even  by  the  French 
of  the  decimal  (or  as  it  is  sometimes  called  the  French)  subdivision 
of  the  right  angle. 

Example.    Express  3°.  45'.  27"  as  the  decimal  of  a  right  angle, 
60)2v7"  seconds 
6 0)45-45  minutes 
9V0)  3^7575  degrees 

•04175  right  angles 

and  -04175  =  4  grades  17  (French)  minutes  50  (French)  seconds,  and 
is  written  thus  4&  17'  50". 

EXAMPLES.    II. 

Express  each  of  the  following  angles  (i)  as  the  decimal  of  a 
right  angle,  (ii)  in  grades,  minutes,  and  seconds  ; 

1.     8°  15'  27".  2.     6°  4'  30".  3.     97°  5'  15". 

4.     16°  14'  19".  5.     132°  6'.  6.     49°. 

Express  in  degrees,  minutes  and  seconds, 
7.     1*37*50".  8.     8*75\  9.     170*  45'  35". 

10.     24*  0' 25".  11.     18*ri5v\  12.     35*. 

Draw  a  figure  giving  the  position  of  the  revolving  line  after 
it  has  turned  through  each  of  the  following  angles ; 
13.     270°.  14.    370°.  15.    425°.  16.     200°. 

17.     590°.  18.     -45°.  19.     -330°.          20.     -390°. 

21.     -480°.         22.     -630°.         23.     -600°.         24.     -750°. 
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1 1 .  DEF.     By  a  linear  displacement  OR  we  indi- 
cate the  moving  of  a  point  P  along  the  line  OR,  from  0 
to  R. 

Thus  a  displacement  has  direction  as  well  as  length. 

12.  If  we  fix  our  attention  on  a  particular  line  LOR, 
we  have  the  choice  of  two  directions  in  which  a  displace- 
ment from  a  starting  point  0  along  that  line  may  be  made. 


L  0  E 

A  displacement  may  be  made  in  the  direction  from  O  towards  R 
or  in  the  direction  from  0  towards  L. 

13.  By  the  addition  of  two  displacements  such  as 
( +  a  feet  +  b  feet),  we  indicate  the  moving  of  a  point  along 
a  certain  line  from  a  certain  point  0  through  the  distance 
OA  =  a  feet  and  then  on,  in  the  same  direction,  through 
the  distance  A£=b  feet. 


i  i  i 

O  A  B 

By  the  subtraction  of  two  displacements  such  as 
( +  a  feet  —  b  feet),  we  indicate  the  moving  of  a  point 
along  a  certain  line  from  a  certain  point  0,  through  the 
distance  OA  =  a  feet  and  then  back  in  the  opposite  direction 
through  the  distance  AB  =  —  b  feet. 


i  i 

B  A 


Moreover  if  we  interpret  the  signs  +  and  -  as  applied  to 
displacements  to  indicate  opposite  directions  of  motion  we 
may  subtract  a  greater  displacement  from  a  less. 
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Example.  Let  LR  be  a  straight  line  parallel  to  the  printed  lines 
in  the  page,  and  let  the  positive  direction  of  displacement  be  from 
L  towards  R. 

Let  A,  B,  C,  D,  E  be  points  in  LR,  such  that  the  measures  of 
AB,  EC,  CD,  DE,  are  1,  2,  3,  4  respectively. 

Find  the  algebraical  representation  of 

(i)  AC+CB  (ii)  AD  +  DC-BC. 

ABC  D  E 

r~  —a 

(i)     The  algebraical  representation  of  AC  is  +  3, 
the  algebraical  representation  of  (75  is -2. 
Hence  that  of  AC+  CB  is  +  3  -  2  ;  that  is,  + 1. 
(ii)    The  algebraical  representation   of  AD  is  +  6,  that  of  DC 
is  -  3,  and  that  of  B  C  is  +2. 

Therefore  that  of  AD  +  DC  -  EC = 6  -  3  -  2  =  + 1. 
This  is  equivalent  to  that  of  AB. 

EXAMPLES.    III. 

In  the  above  figure,  find  the  algebraical  representation  of 

1.  AB+BC+CD.  2.  AB  +  BC+CA. 

3.  BC+CD+DE+EC.  4.  AD -CD. 

5.  AD  +  DB  +  BE.  6.  BC-AC+AD-BD. 

7.  CD  +  DB+BE.  8.  CD-BD+BA+AC+CE. 


CHAPTER  II. 

THE  TRIGONOMETRICAL  RATIOS. 

14.  LET  any  angle  be  described  by  a  line  OP  called  the 
revolving  line,  turning  about  a  chosen  point  0  called  the 
origin  and  starting  from  a  chosen  position  OR  called  the 
initial  line. 


Fig.  I. 


M 


M 


Fig.111. 


L      M 


U 


.  iv. 


R  L 


M        R 


Take  any  point  P  in  the  revolving  line  and  draw  from 
P  a  line  PM  perpendicular  to  the  initial  line  (produced, 
when  necessary). 
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In  this  way  we  get  a  right-angled  triangle  0PM. 

We  have  the  direction  OR  fixed  and  we  have  a  line 
perpendicular  to  OR  also  fixed  in  direction. 

We  agree  that  the  +  direction  along  OR  shall  be  from  0 
to  R  and  that  the  +  direction  perpendicular  to  OR  shall  be 
from  0  to  U  where  the  angle  R OU  is  a  right  angle  drawn 
in  the  positive  direction  of  rotation. 

Then  in  %.    I.,    the  displacement  OM  is  positive. 

in  fig.   II.,  „  OM  is  negative. 

in  fig.  III.,  „  OM  is  negative. 

in  fig.  IV.,  .,  OM  is  positive. 

Again  in  fig.    I.,  the  displacement  MP  is  positive. 

in  fig.   II.,  „  MP  is  positive. 

in  fig.  III.,  „  MP  is  negative. 

in  fig.  IV.,  ,,  MP  is  negative. 

The  direction  of  the  displacement  OP  is  indicated  by 
the  magnitude  of  the  angle  and  the  positive  direction  along 
the  line  OP  is  from  0  to  P. 

15.  In  the  right-angled  triangle  obtained  from  an 
angle  as  in  Article  14,  the  side  MP  opposite  the  origin 
or  angular  point  is  called  the  perpendicular ; 

the  side  OP  opposite  the  right  angle  is  called  the 
hypotenuse ; 

the  third  side  OM  is  called  the  base. 

But  it  must  be  understood  that  the  perpendicular  is  the 
displacement  MP;  that  is,  it  is  the  displacing  of  a  point 
from  M  to  P  and  it  will  have  the  sign  +  or  the  sign  — 
belonging  to  it  according  as  the  displacement  is  in  the 
direction  from  0  to  V  or  in  the  direction  from  U  to  0. 

Also  the  base  is  the  displacement  OM. 

The  hypotenuse  is  the  displacement  OP. 
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16.     To  define  the  sine,  cosine  and  tangent  of  an 


Let  OR  be  the  initial  line  and  let  the  angle  A°  be 
described  about  the  point  0  by  the  revolving  line  OP 
starting  from  OR. 


Fig.L 

U                           Fig.ll.   p 

U 

L 

zL  ; 

\ 

R 

0 

M                              A 

1 

0 

0 

D 

Fig.lll. 

U                             Fig.  IV. 

U 

L      M 

R             L 

M        R 

V 

0 
D 

0 

M 

D 

Let  OU  be  the  direction  of  OP  after  it  has  described  a 
right  angle  in  the  positive  direction  of  revolution  ;  then  the 
positive  directions  of  displacement  parallel  to  OR,  OU  and  OP 
are  respectively  from  0  to  7?,  from  0  to  U  and  from  0  to  P. 

On  the  revolving  line  take  any  point  P  ;  from  P  draw 
PM  perpendicular  to  RO  (produced,  if  necessary)  ;  then 

„    .  .    ,.  MP  [    perpendicular"! 

(i)    the  sine  of  A  is  the  ratio  -^    =  —^  > 

OP  L      hypotenuse  J 

,    OMr          base 
(u)    the  cosine  of  A  „  the  ratu,  ^  [  = 


(iii)    the  tangent  of  A  is  the  ratio  = 
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JfP,  OM,  and  OP  being  displacements  and  carrying  the 
sign  indicated  by  the  direction  of  the  letters  in  the 
figure. 

NOTE.    The  student  should  observe  carefully 


(i)    that  each  ratio,  such  as 


perpendicular 


,  is  a  mere  number; 


hypotenuse 

(ii)  that,  as  we  shall  prove  in  Art.  24,  these  ratios  remain  unchanged 
as  long  as  the  angle  remains  unchanged ; 

(iii)  that  if  the  angle  be  altered  ever  so  slightly,  there  is  a  con- 
sequent alteration  in  the  value  of  these  ratios  ; 

[For,  let  ROE,  ROE'  be  two  angles  which  are  nearly  equal ; 


Let  OP=OP'-,  then  OM  is  not  =OM',  and  therefore  the  ratios  — ^ 

and  -=rp,  are  not  equal:   also  HP  is  not  =M'P'  and  therefore  the 

MP      .  1TP' 
ratios  — p  and  — -=>-  are  ?io£  equal.] 

(iv)  that  by  giving  names  to  these  ratios  we  are  enabled  to  apply 
the  methods  of  Algebra  to  the  Geometry  of  Euclid  VI. 

The  student  is  recommended  to  pay  careful  attention  to  the 
definitions  of  Art.  16.  He  should  be  able  to  write  them  out  in  the 
exact  words  in  which  they  are  printed. 

17.     If  A  stand  for  the  angle  ROE,  these  ratios  are 

called  sine  A,  cosine  A  and  tangent  A,  and  are  usually 
abbreviated  thus : 

sin  At  cos  A,         tan  A. 
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18.  There   are   three    other    Trigonometrical    Ratios, 
formed  by  inverting  the  sine,  cosine  and  tangent  respectively, 
which  are  called  the  cosecant,  secant,  and  cotangent  respec- 
tively. 

19.  To  define  the  three  other  Trigonometrical  Ratios  of 
any  angle. 

The  same  construction  and  figure  as  in  Art.  16,  being 
made,  then  the  ratio 

OP        hypotenuse 

(1V)    ~rrf>  =  —        -,. — i—  1S  called  the  cosecant  of 
MP     perpendicular 

the  angle  ROE. 
OP      hypotenuse 

-        "       secant    - 


OM  base 

<V1>    MP=  perpendicular        "  Cotangent,, 

20.  Thus  if  A  stand  as  before  for  the  angle  ROE,  these 
ratios  are  called  cosecant  A,  secant  A,  and  cotangent  A. 
They  are  abbreviated  thus, 

cosec  A,         sec  A,         cot  A. 

21.  From  the  definition  it  is  clear  that 

cosec  A=  — 


sec  A  — 


cot  A  = 


cos  .4 ' 

1 


tan  A 

22.  The  above  definitions  apply  to  an  angle  of  any 

magnitude.     (We  shall  return  to  this  subject  later  on.) 

For  the  present  the  student  may  confine  his  attention 
chiefly  to  angles  which  are  each  less  than  a  right  angle. 

23.  The   powers   of   the   Trigonometrical    Ratios  are 
expressed  as  follows : 
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(sin 
(cos^)3.  i.e. 


\  hypotenuse 
/       base         3 


is  written 


\ 

)  ,  is  written     cos3  A. 
/ 


\  hypotenuse, 
and  so  on. 

The  student  must  notice  that  '  sin  A  '  is  a  single  symbol.  It  is  the 
name  of  a  number,  or  fraction,  belonging  to  the  angle  A  ;  and  if  it  be 
at  any  time  convenient,  we  may  denote  sin  A  by  a  single  letter,  such 
as  s  or  x.  Also  sin2  A  is  an  abbreviation  for  (sin  A)2,  that  is  for 
(sin  A)  x  (sin  A).  Such  abbreviations  are  used  because  they  are 
convenient. 

24.     The  Trigonometrical  Ratios  are  always  the  same  for 
the  same  angle. 

U 


Take  any  angle  ROE ' ;  let  P,  Pf  be  any  two  points  in 
OE  one  of  the  lines  containing  the  angle.  Draw  PM, 
PM*  perpendiculars  to  OR. 

Then  the  triangles  OMP,  OM'P,  each  contain  a  right 
angle,  and  they  have  the  angle  at  0  common;  therefore  their 
third  angles  must  be  equal. 

Thus  the  three  triangles  are  equiangular. 

Therefore  the  ratios  -       ,  -- ,  are  equal.    (Eu.  VI.  4.) 


But  each  of  these  ratios  is 


perpendicular 


hypotenuse 

to  the  angle  at  0 ;  that  is,  they  are  each  sin  ROE. 
Therefore  sin  ROE  is  always  the  same. 


with  reference 
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25.  A  similar  proof  holds  good  for  each  of  the  other 
ratios. 

Also  if  two  angles  are  equal,  it  is  clear  that  the  nume- 
rical values  of  their  Trigonometrial  Ratios  will  be  the  same. 

We  have  already  shown  (Note,  p.  11),  that  the  values  of 
these  ratios  are  different  for  different  angles. 

Hence  for  each  particular  value  of  A,  sin  At  cos  At  tan  A, 
etc.  have  definite  numerical  values. 
Example.    We  shall  prove  (Art.  32)  that 

sin30°=i=-5,  cos30°=^  =  -8660...,   tan  30°=  -~  =  -577... 

26.  In  the  following  examples,  in  which  the  angles 
considered  are  each  less  than  a  right  angle,  the  student 
should  notice 

(i)      the  angle  referred  to, 

(ii)  that  there  is  a  right  angle  in  the  same  triangle  as 
the  angle  referred  to, 

(iii)  the  perpendicular  ,  which  is  opposite  the  angle 
referred  to,  and  is  perpendicular  to  one  of  the  lines  contain- 
ing the  angle, 

(iv)    the  hypotenuse,  which  is  opposite  the  right  angle, 

(v)     the  base,  the  third  side  of  the  triangle. 

Example.    In  the  second  figure  on  the  next  page,  in  which  BDA  is 
a  right  angle,  find  sin  DBA  and  cos  DBA. 
In  this  case 

(i)    DBA  is  the  angle. 

(ii)    BDA  is  a  right  angle  in  the  same  triangle  as  the  angle 

DBA. 
(iii)  DA  is  the  perpendicular,  for  it  is  opposite  DBA  and  is 

perpendicular  to  BD. 
(iv)  BA  is  the  hypotenuse. 
(v)  BD  is  the  base. 

Therefore    sin  DBA,  which  is  W^*™*?.  ,  =  *£  , 
hypotenuse  BA 


cos  DBA,  which  is  _  ,  =  — 

hypotenuse         BA 
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1.  Let  ABC  be  any  triangle  and  let  AD  be  drawn  perpen- 
dicular to  EG.  Write  down  the  perpendicular ',  and  the  base  when 
the  following  angles  are  referred  to  :  (i)  the  angle  ABD,  (ii)  the 
angle  BAD,  (iii)  the  angle  ACD,  (iv)  the  angle  DAG. 

A 


B  D  '    C 

2.  Write  down  the  following  ratios  in  the  above  figure ; 
(i)     Kin  BAD,    (ii)    cos  A  CD,    (iii)    tan  DAC,    (iv)     sin  ABD, 
(v)   ten  BAD,    (vi)   sin  DAC,    (vii)    cos  DC  A,    (viii)    t&nDCA, 
(ix)  cos  ABD,    (x)  sin  ACD. 

3.  Let  AGE  be  any  angle  and  let  AEG  and  BDC  be  right 
angles  ;  (see  next  figure).     Write  down  two  values  for  each  of  the 
following    ratios;    (i)    sin  A  CB,    (ii)    coaACB,    (iii)    tan  ACB, 
(iv)  sin  BA  C,    (v)  cos  BA  C,    ( vi)  tan  BA  C. 
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4.  In  the  figure  on  the  last  page,  BDC,  CBA  and  EAC  are 
right  angles.    Write  down  (i)  sin  DBA,  (ii)  sin  BE  A,  (iii)  sin  CBD, 
(iv)  cosBAE,  (v)  cos  BAD,  (vi)  cos  CBD,  (vii)  ten  BCD,  (viii) 
tan  DBA,  (ix)  tan  BEA,  (x)  tan  CBD,  (xi)  sin  DAB,  (xii)  sin  #4^. 

5.  Let  ABC  be  a  right-angled  triangle  such  that  AB=5  ft., 
BC=3  ft.,  then  ^1(7  will  be  4  ft. 

e 


Find  the  sine,  cosine  and  tangent  of  the  angles  at  A  and  B, 
respectively. 

In  the  above  triangle  if  A  stand  for  the  angle  at  A  and 
B  for  the  angle  at  B,  show  that  sin2  ^1  +  cos2  A  =  l,  and  that 


6.  If  ABC  be  any  right-angled  triangle  with  a  right  angle 
at  C,  and  let  A,  B,  and  C  stand  for  the  angles  at  A,  B  and  C 
respectively,  and  let  a,  b  and  c  be  the  measures  of  the  sides  oppo- 
site the  angles  A,  B  and  C  respectively. 

Show  that  sin  A  =  -  ,  cos  A  =  -  ,  tan  A  =  T  . 
c  c  b 

Show  also  that  sin2  A  +cos2  A  =  l. 

Show  also  that  (i)  a  =  c  .  sin  A,  (ii)  6  =  c  .  sin  B,  (iii)  a  =  c  .  cos  2?, 
(iv)  6=c.cos^l,  (v)  sin^l=cos2?,  (vi)  cos  .4  =  sin  .Z?,  (vii) 


7.  The  sides  of  a  right-angled  triangle  are  in  the  ratio 
5  :  12  :  13.     Find  the  sine,  cosine  and  tangent  of  each  acute 
angle  of  the  triangle. 

8.  The  sides  of  a  right-angled  triangle  are  in  the  ratio 
1:2:^/3.     Find  the  sine,  cosine  and  tangent  of  each  acute  angle 
of  the  triangle. 

9.  Prove  that  if  A  be  either  of  the  angles  of  the  above  two 
triangles  sin2  A  +  cos2  A  =  l. 


CHAPTER  III. 
ON  THE  TRIGONOMETRICAL  RATIOS  OP  CERTAIN  ANGLES. 

27.  THE  Trigonometrical  Ratios  of  an  angle  are  numeri- 
cal quantities  simply,  as  their  name  ratio  implies.    They  are 
in  nearly  all  cases  incommensurable  numbers. 

Their  practical  value  has  been  found  for  all  angles 
between  0  and  90°,  which  differ  by  1';  and  a  list  of  these 
values  will  be  found  in  any  volume  of  Mathematical  Tables. 

The  student  is  recommended  to  get  a  copy  of  Chamber's 
Mathematical  Tables  for  instruction  and  reference. 

28.  The  finding  the  values  of  these  Ratios  has  involved 
a  large  amount  of  labour;  but,  as  the  results  have  been 
published  in  Tables,  the  finding  the  Trigonometrical  Ratios 
does  not  form  any  part  of  a  student's  work,  except  to  ex- 
emplify the  method  employed. 

29.  The   general  method    of   finding  Trigonometrical 
Ratios  belongs  to  a  more  advanced  part  of  the  subject  than 
the  present,  but  there  are  certain  angles  whose  Ratios  can 
be  found  in  a  simple  manner. 

30.  To  find  the  sine,  cosine  and  tangent  of  the  angle 
45°. 

If  one  angle  of  a  right-angled  triangle  be  45°,  that  is, 
the  half  of  a  right  angle,  the  third  angle  must  also  be  45°. 
Hence  45°  is  one  angle  of  an  isosceles  right-angled  triangle. 

L.  T.  A.  2 
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P 


0  M 

Let  POM  be  an  isosceles  triangle  such  that  PMO  is  a 
right  angle,  and  OM=  MP.  Then  POM  =  0PM  =  45°. 

Let  the  measures  of  OM  and  of  MP  each  be  m.  Let 
the  measure  of  OP  be  x. 

Then  <e2  =  7rc2  +  m2  =  2m2  ; 


•        ,»K°  •         D^l/ 

Hence,  sm  45  =  sin  POM  = 


cos  45°  =  cos  POM  = 


4  .  m 


OM 


~=-  =  i  =  l. 
OM      m      1 

31.     To  find  the  sine,  cosine  and  tangent  q/*60°. 

In  an  equilateral  triangle,  each  of  the  equal  angles  is 
60°,  because  they  are  each  one  third  of  180°.  And  if  we 
draw  a  perpendicular  from  one  of  the  angular  points  of  the 
triangle  to  the  opposite  side,  we  get  a  right-angled  triangle 
in  which  one  angle  is  GO0. 

Let  OPQ  be  an  equilateral  triangle.  Draw  PM  per- 
pendicular to  OQ.  Then  OQ  is  bisected  in  M. 

Let  the  measure  of  OM  be  m ;  then  that  of  OQ  is  2m 
and  therefore  that  of  OP  is  2m. 
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P 


0  M 

Let  the  measure  of  MP  be  x. 
Then  x2  =  ( '2m  )2  -  w2  =  4m2  -  m2  =  3m2, 

/.  a:  =  ^3  .  m. 

Hence,  sin  60°  -  sin  PO  J/  = 


OP 


m 
2m 


1 

2' 


OM 


32.      To  find  the  sine,  cosine  and  tangent  o/"300. 
With  the  same  figure  and  construction  as  above,  we  have 
the  angle  0PM  =  30°,  since  it  is  a  half  of  OPQ,  i.e.  of  60° 

Hence,  sin  30°  =  sin  0PM  =  -=;=•  =  =   H  > 

r(J          2m  Z 


2 9 
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33.     To  find  the  sine,  cosine  and  tangent  ofO°. 

By  this  is  meant, — To  find  the  values,  if  any,  to  which 
the  Trigonometrical  Ratios  of  a  very  small  angle  approach, 
as  the  angle  is  continually  diminished. 


Let  ROP  be  a  small  angle.  Draw  PM  perpendicular  to 
OR,  and  let  OP  be  always  of  the  same  length,  so  that  P  lies 
on  a  circle  whose  centre  is  0. 

Then  if  the  angle  HOP  be  diminished,  we  can  see  that 

KfP 
MP  is  diminished  also,  and  that  consequently  -^p  ,  which 

is  sin  ROP,  is  diminished.  And,  by  diminishing  the  angle 
ROP  sufficiently,  we  can  make  MP  as  small  as  we  please, 
and  therefore  we  can  make  sin  ROP  smaller  than  any  assign- 
able number  however  small  that  number  may  be. 

Thus  we  see  that  the  value  to  which  sin  R  OP  ap- 
proaches as  the  angle  is  diminished,  is  0. 

This  is  expressed  by  saying,  sin  0°  =  0  ..................  i. 

Again,  as  the  angle  ROP  diminishes,   OM  approaches 

OM 
OP  in  length  ;  and  cos  ROP,  which  is  -y^  ,  approaches  in 

OP 
value  to  ^r-p,  i.e.  to  1. 

This  is  expressed  by  saying,  cos  0°  =  1  ................  ii. 

Also,  t&nROP  is     -t-  ;  and  we  have  seen  that  MP  ap- 


proaches 0,  while  OM  does  not  ;   .*.  tan  ROP  approaches  0. 
This  is  expressed  by  saying,  tan  0°  =  0  ................  iii. 
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34.     To  find  the  sine,  cosine  and  tangent  of  90°. 

By  this  is  meant, — To  find  the  values,  if  any,  to  which 
the  Trigonometrical  Ratios  of  an  angle  approach,  as  the  angle 
approaches  a  right  angle. 

Let  ROU  be  a  right  angle  =  90°. 


Draw  ROP  nearly  a  right  angle  ;  draw  PM  perpen- 
dicular to  OR,  and  let  OP  be  always  of  the  same  length,  so 
that  P  lies  on  a  circle  whose  centre  is  0. 

Then,  as  the  angle  ROP  approaches  to  ROU,  we  can  see 
that  MP  approaches  OP,  while  OM  continually  diminishes. 


Hence  when  .SOP  approaches  90°,  sin  ROP,  which  is  -~-p, 

OP  1 

approaches  in  value  to  ^p,  that  is  to  -,  i.e.  to  1. 

Hence  we  say,  that  sin  90°  =  1  ..........................  i. 

Again,  when  ROP  approaches  90°,  cos  ROP,  which  is 

—p  ,  approaches  in  value  to  —  ,  that  is  to  0. 

Hence  we  say,  that  cos  90°  =  0  ..........................  ii. 
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MP 
Again,  when  ROP approaches  90°,  tan  ROP  which  is  ^-^ 

OP 

approaches  in  value  to  —       — -r- —   .  .  .  — = — . 

a  quantity  which  approaches  0 

But  in  any  fraction  whose  numerator  does  not  diminish, 
the  smaller  the  denominator  the  greater  is  the  value  of  that 
fraction  ;  and  if  the  denominator  continually  diminishes  the 
value  of  the  fraction  continually  increases. 

Hence,  tan  ROP  can  be  made  larger  than  any  assignable 
number  by  making  the  angle  ROP  approach  90°  near  enough. 

This  is  what  we  mean  when  we  say,  that 

tan  90°  is  infinity,  or,  tan  90°  =  oo   iii. 

35.  The  following  table  exhibits  the  results  of  this 
Chapter. 


angle 

0° 

30° 

45° 

60° 

90° 

sine 

0 

1 

2 

1 

x/2 

T 

1 

cosine 

1 

V3 

1 

1 

0 

2 

x/2 

2 

tangent 

0 

1 
73 

1 

V3 

00 

The  student  may  notice  that  the  sine  increases  with  the  angle, 
while  the  cosine  diminishes  as  the  angle  increases. 

Also  that  the  squares  of  the  sines  of  0°,  30°,  45°,  60°  and  90°  are 
respectively  0,  £,  f ,  f ,  and  •£,  and  that  the  squares  of  the  cosines  of 
the  same  angles  are  f ,  f ,  f ,  £,  and  0. 
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EXAMPLES.    V. 

If  .1  =  90°,  5=60°,  (7=30°,  Z)  =  45°,  #=0,  prove  the  following: 
1.     2.sinJD.cosZ)=sin  J..         2.     2  .  sin  (7.  cos  (7=  sin  B. 

3.  cos2  5  -  sin2  B  =  1  -  2  sin2  5. 

4.  sin  5.  cos  (74-  sin  C.  cos  Z?  =  sin.4.  * 

5.  cos2Z)-sin2Z)  =  cos^.         6.     cos2  E+2.amE=l. 
7.     sin2  B+ cos2  5=1.  8.    cos2  (7+ sin2  (7=1. 

9.  cos2.Z)+sm2Z>  =  l. 

10.  sin  B .  cos  (7—  sin  0 .  cos  j5= sin  C. 

11.  2  (cos B.cosD  +  smB. sin #)2= 1  +cos  C. 

12.  2  (sin  D .  cos  C-  sin  (7.  cos  D}2= I  -  cos  C. 

13.  sin  30°  =  -5.  14.     sin  45°  =  '7071.... 

15.     sin  60°  =  -8660..,,  16.     tan  60°  =  1 '7320508.... 

17.     tan  30°  =  '5773....  18.     sin  18°  =  '3090.... 

36.  The  actual  measurement  of  the  line  joining  two 
points  which  are  any  considerable  distance  apart,  is  a  very 
tedious  and  difficult  operation,  especially  when  great  accu- 
racy is  required;  while   the  accurate  measurement  of  an 
angle  can,  with  proper  instruments,  be  made  with  compara- 
tive ease  and  quickness. 

37.  A  Sextant  is  an  instrument  for  measuring  the 
angle  between  the  two  lines  drawn  from  the  observer's  eye 
to  each  of  two  distant  objects  respectively. 

A  Theodolite  is  an  instrument  for  measuring  angles 
in  a  horizontal  plane ;  also  for  measuring  '  angles  of  eleva- 
tion' and  '  angles  of  depression' 

38.  The  angle  made   with    the  horizontal  plane,   by 
the  line  joining  the  observer's  eye  with  a  distant  object, 
is  called 

(i)     its  angle  of  elevation,  when  the  object  is 
above  the  observer  ; 
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(ii)    its  angle  of  depression,  when  the  object  is 
below  the  observer,  t 

39.  Trigonometry  enables  us  by  measuring  certain 
angles,  to  deduce,  from  one  known  distance,  the  lengths  of 
other  distances :    or,   by  the  measurement  of  a  convenient 
line,  to  deduce  by  th'e  measurement  of  angles  the  lengths  of 
lines  whose  actual  measurement  is  difficult  or  impossible. 

[In  the  Trigonometrical  Survey  of  England,  made  by  the  Ordnance 
Department,  the  only  distance  actually  measured  was  one  of  about 
seven  miles  on  Salisbury  Plain.] 

40.  For  this  purpose  we  require  the  numerical  values 
of  the  Trigonometrical  Ratios  of  the  angles  observed.     Ac- 
cordingly mathematical  tables  have  been  compiled,  contain- 
ing  lists   of   the   values   of   these   Ratios.      These  Tables 
constitute  a  kind  of  numerical  Dictionary,  in  which  we 
can  find  the  numerical  value  of  the  Trigonometrical  Ratios 
of  any  required  angle. 

Example.  At  a  point  100  feet  from  the  foot  of  a  tower  the  angle 
of  elevation  of  the  top  of  the  tower  is  observed  to  be  60°.  Find  the 
height  above  the  point  of  observation  of  the  top  of  the  tower. 


100  ft. 


t  In  measuring  the   angle  of  depression  the  telescope  is  turned 
from  a  horizontal  position  downwards.     See  Ex.  3»  P-  25. 
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Let  0  be  the  point  of  observation  ;  let  P  be  the  top  of  the  tower; 
let  a  horizontal  line  through  0  meet  the  foot  of  the  tower  at  the  point 
M.  Then  OM  =100  feet,  and  the  angle  M  OP  =60°.  Let  MP  contain 
x  feet. 

l,rp 

Then  OM=i&n  MOP=i&Ii  60°  =  v/3. 


/.  a;  =  100.^/3  =  100x1  -7320  etc. 

=  173-2. 
Therefore  the  required  height  is  173-2  feet, 

EXAMPLES.    VI. 

The  answers  are  given  correct  to  three  significant  figures. 

1.  At  a  point  179  feet  in  a  horizontal  line  from  the  foot  of 
a  column,  the  angle  of  elevation  of  the  top  of  the  column  is 
observed  to  be  45°.     What  is  the  height  of  the  column  ? 

2.  At  a  point  200  feet  from,  and  on  a  level  with,  the  base  of 
a  tower,  the  angle  of  elevation  of  the  top  of  the  tower  is  observed 
to  be  60°  :  what  is  the  height  of  the  tower  ? 

3.  From  the  top  of  a  vertical  cliff,  the  angle  of  depression 
of  a  point  on  the  shore  150  feet  from  the  base  of  the  cliff,  is  ob- 
served to  be  30°  :  find  the  height  of  the  cliff 

4.  From  the  top  of  a  tower  117  feet  high  the  angle  of  de- 
pression of  the  top  of  a  house  37  feet  high  is  observed  to  be  30°  : 
how  far  is  the  top  of  the  house  from  the  tower  ? 

5.  From  a  point  P  on  the  bank  of  a  river,  just  opposite  a 
post  Q  on  the  other  bank,  a  man  walks  at  right  angles  to  PQ  to 
a  point  R  so  that  PR  is  100  yards  ;  he  then  observes  the  angle 
PRQ  to  be  32°  17':  find  the  breadth  of  the  river. 

tan  32°  17'  =  '6317667. 

6.  A  flagstaff  25  feet  high  stands  on  the  top  of  a  house; 
from  a  point  on  the  plain  on  which  the  house  stands  the  angles 
of  elevation  of  the  top  and  bottom  of  the  flagstaff  are  observed 
to  be  60°  and  45°  respectively  :  find  the  height  of  the  house  above 
the  point  of  observation. 
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ON  THE  RELATIONS  BETWEEN  THE  TRIGONOMETRICAL 
RATIOS  OP  THE  SAME  ANGLE. 

41.     THE   following   relations    are    evident    from    the 
definitions  : 

1 


cosec  A  -    . — T  ,        sec  A  =  7 , 

sin  A  cos  A 


cot,  A  = 


tan  .4  ' 


42.     To  prove       tan  A  —- 


sin  A 
cos  A 


Base 


perpendicular 

We  have    sin  A  =  ^-  —  , 

hypotenuse 

base 

and    cos  A  =  .—  —  ; 

hypotenuse 

sin  A      perpendicular 
.*.  -      .  =  r  -  =  tan  A. 

cos  A  base 

43.     We  may  prove  similarly  cot  A  =  °?^— -  . 

sin  A. 

1          cos  A 

Or  thus,  cot  A  = =    . 

tan  A      sin  A 
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44.     To  prove  that  cos2  A  +  sin2  A  =  1. 

Let  ROE  be  any  angle  A. 

In  OE  take  any  point  P,  and  draw  PM  perpendicular 
to  OR.  Then  with  respect  to  A,  MP  is  the  perpendicular, 
OP  is  the  hypotenuse,  and  0 M  is  the  base ; 


Fig.l. 

U           f                Fig.l  l.£       , 

/               V 

U 

zL  3s 

R 

0 

M                                 M 

0 

D 

D 

Fig.l  II. 

U                               Fig.  IV. 

U 

L      M 

R             L 

M        R 

Y 

0                                                0 

H 

• 

D 

D     £ 

*»M-7rari 


OP2' 
and  by  Euclid  I.  47,  3/P2  +  OJf 2  =  OP2,  therefore 


cos2 .4  +  sin2  A  — 


MP2      OM* 


OP2 


OP*     , 
"(yP2"1'  Q-EJX 


OP2      OP2~ 
45.     Similarly  we  may  prove  that 
1  +  tan2  A  =  sec2  A, 
and  that  1  +  cot2  A  =  cosec2  A . 

f    (i)     cos2  A  +  sin2  A  =  1     \ 
NOTE.     The  three  results   -j  (ii)     1  +  tan2 A  =  sec2 A     I, 

(  (iii)     1  +  cot2  A  =  cosec2  A  ) 
are  each  a  statement  in  Trigonometrical  language  of  Euc.  I.  i7. 
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46.     The  following  is  a  LIST  OF  FORMULAE  with  whicl 
the  student  must  make  himself  familiar  : 

cosec  A  =  - — - , 
sin  A 

sec  A  = 


cot  A  — 

tan  A  = 


cos  A  ' 

1 

tan  A  ' 

sin  .4 
cos  A  ' 


.     cos  A 
cot  A  —  —   -.  , 
sin  A 


sn  .    +  cos     .  = 


cot2  A  +  1  =  cosec2  A. 


47.  In  proving  Trigonometrical  identities  it  is  oftei 
convenient  to  express  the  other  Trigonometrical  Katios  it 
terms  of  the  sine  and  cosine. 

Example.    Prove  tliat  tan  A  +  cot  A  =  sec  A .  cosec  A. 


Since  tan  A  =  -  ~-  ,  cot  A  =  ~- „  , 

cos  A  smA 


sec  A  = ,   cosec  A  =  - 


cos  A  sin  A 

Therefore, 

.     sin  A      cos  A 

tan  A  +  cot  A= \-~ 

cos  A      sin  A 

_  sin2^  +  cos2  A  _  1 

cos  A  .  sin  A    ~  cos  A  .  sin 


Q.  E.  D 
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48.  Sometimes  it  is  more  convenient  to  express  all 
the  other  Trigonometrical  Ratios  in  terms  of  the  sine  only, 
or  in  terms  of  the  cosine  only. 

Example  (i).     Prove  that 

sin4  d  +  2  sin2  0  cos2  0  =  1-  cos4  0. 

Here  the  right-hand  expression  does  not  contain  sin  0 ;  hence  for 
sin2  0  in  the  left-hand  expression  we  substitute  (1  -  cos2  0) ;  thus 
sin4  0  +  2  sin2  0  cos2  0  =  (sin2  0)2  +  2  (sin2  0)  cos2  0 

=  (1  -  cos2  0)2  +  2(1-  cos2  0)  cos2  0 

=  1-2  cos2  0  +  cos4  0  +  2  cos2  0  -  2  cos4  0 

=  1-COS40.      Q.E.D. 

Example  (ii).    Prove  that 


Here 

sin6  0  +  cos6  0  =  (sin2  0  +  cos2  0)  (sin4  0  -  sin2  0  cos2  0  +  cos4  0) 
=  1  x  (sin4  0  -  sin2  0  cos2  0  +  cos4  0) 
=  (sin2  0)2  -  (sin2  0)  cos2  0  +  cos4  0 
=  (1  -  cos2  0)2  -  (1  -  cos2  0)  cos2  0  +  cos4  0 
=  1-2  cos2  0  +  cos4  0  -  cos2  0 + cos4  0  +  cos4  0 
=  !-3cos20  +  3cos40.     Q.E.D. 

NOTE.     (1  -  cos  0)  is  called  the  Versed  sine  of  0 ;  it  is 
abbreviated  thus  versin  0. 

EXAMPLES.    VII. 

Prove  the  following  statements. 

1.  cos  A  .  tan  A  =  sin  A. 

2.  cot  A.  tan  .4  =  1. 

3.  cos  A  =  sin  A  .  cot  A. 

4.  sec  A  .  cot  A  =  cosec  J . 

5.  cosec  A  .  tan  .4  =  sec  A . 

6.  (tan  A  +  cot  4)  sin  A.  cos  4  =  1. 

7.  (tan  A  -  cot  4)  sin  A  .  cos  4  =  sin2  A  -  cos2  A . 
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8. 

9.  (sin  J.+cos  ,4)2=l  +  2sin  A  .  cos  A. 

10.  (sin  .4  -cos  4)2  =  l-2sin  A.  cos  A. 

11.  cos4  B  -  sin4  5  =  2  cos2  B  -  1  . 

12.  (sin25+cos25)2  =  l. 

13.  (sin2  B  -  cos2  5)2  =  1  -  4  cos2  5+4  cos4  B. 

14.  1  -  tan4  5  =  2  sec2  5  -  sec4  B. 

15.  (sec  5  -  tan  5)  (sec  B  +  tan  5)  =  1  . 

16.  (cosec  6  -  cot  6}  (cosec  0  4-  cot  0)  =  1  . 

17.  sin3  6  +  cos3  6  =  (sin  0  +  cos  6}  (1  -  sin  6  cos  0). 

18.  cos3  6  -  sin3  0  =  (cos  0  -  sin  0)  (  1  +  sin  0  cos  0). 

19.  sin6  6  +  cos6  0=1-3  sin2  (9  .  cos2  0. 

20.  (sin6  6  -  cos6  0)  =  (2  sin2  0  -  1)  (1  -  sin2  0  +  sin4  0). 

tan  A+  tan  5 

21.  ,  D  =  tan  4.  tan  5. 
cot  .4  +  cot  5 

cot 
21 


24.  =  (COSec  A  +cot  4)2. 
1  -  cos  A 

25.  2  versin  0  -  versin2  0  =  sin2  0. 

26.  versin  0(1+  cos  0)  =  sin2  0. 
tan  A  +  sec  ^1  +  1      sec  .4  +  1 
tan  J.  +  sec  A  -  1  ~  ~  tan  A 

28.  4  (cos6  A  +sin6  4)  -  3  (cos4  A  -  sin4  4)2  =  1. 

29.  (sec2  A  +  tan2  J.  )  (cosec2  A  +  cot2  A  )  =  1  +  2  sec2  J  cosec2  4  , 
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31.  sec4  4  -  sec2.!  =  tan<  A  +  tan2  A  . 

32.  cot4  4  +  cot2  A  =  cosec4  A  —  cosec2  4  . 
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49.  All  the  Trigonometrical  Ratios  of  an  angle  can  be 
expressed  in  terms  of  any  one  of  them. 

50.  To  express  all  the  trigonometrical  ratios  of  an  angle 
in  terms  of  the  sine. 


M 

Let  ROE  be  any  angle  A. 

We  can  take  P  anywhere  in  the  line  OE ;  so  that  we 
can  make  one  of  the  lines,  OP,  OM,  or  MP  any  length  we 
please.  Let  us  take  OP  so  that  its  measure  is  1.  Let  s  be 

the  measure  of  MP;  so  that  sin  A,  which  is  -    -    ,  =  -  ;  or, 

s  -  sin  A.     Let  x  be  the  measure  of  OM. 
Then  since  OM2  =  OP2  -  MP\ 


OM  _J\-f 


Hence          cos  A  —  n^  —   — = =  ,J\  -  sin2 A, 

s  sin  A 


MP 

tan  A  =  „ — ,  = 


-  s2     ^/l  —  sin2  A 
and  so  on.    . 

NOTE.     The  solution  of  the  equation  x2  —  1  -  s2,  gives 

and  therefore  the  ambiguity  ( ± )  must  stand  before  each  of  the  root 
symbols  in  the  above.  This  ambiguity,  as  will  be  explained  later  on, 
is  necessary  when  the  magnitude  of  the  angle  is  not  limited.  When 
we  limit  A  to  be  less  than  a  right  angle  we  have  no  use  for  the 
negative  sign. 
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51.     To  express  all  the  other  trigonometrical  ratios  of  an 
angle  in  terms  of  the  tangent. 


MP 

In  this  case  tan  0  =  -~-z; 
OM 

Take  P  so  that  the  measure  of  OM  is  1,  and  let  t  be 


the  measure  of  MP  ;  so  that  tan  0,  which  is  —  ^?  > 


—  ^?  >      T  >    or> 


t  =  tan  0. 

Then  we  can  show  that  the  measure  of  OP  is 
t  tan  B 


TT  -    a     MP 

Hence,      sin  0  =  -^  = 


COS0 


OM 


and  so  on. 


52.     The  same  results  may  be  obtained  by  the  use  of 
the  formulae  on  page  28. 

Example.  cos2  0  +  sin2  0  =  1, 

/.  cos2  0  =  1- sin2  0, 
/.  cos  0=N/1-  sin2  0. 

.     sin  0  sin  0 

Again 

and  so  on. 
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EXAMPLES.    VIII. 

1.  Express  all  the  other  Trigonometrical  Katios  of  A  in 
terms  of  cos  A. 

2.  Express  all  the  other  Trigonometrical  Eatios  of  A  in 
terms  of  cot  A. 

3.  Express  all  the  other  Trigonometrical  Ratios  of  A  in 
terms  of  sec  A. 

4.  Express  all  the  other  Trigonometrical  Ratios  of  A  in 
terms  of  cosec  A. 

5.  Use  the  formulae  of  page  28  to  express  all  the  other 
Trigonometrical  Ratios  of  A  in  terms  of  sin  A. 

6.  Use  the  formula)  of  page  28  to   express  all  the  other 
Trigonometrical  Ratios  of  A  in  terms  of  tan  A. 

53.  Given  one  of  the  Trigonometrical  Eatios  of  an  angle 
less  than  a  right  angle,  we  can  find  all  the  others. 

Since  all  the  Trigonometrical  Ratios  of  an  angle  can  be 
expressed  in  terms  of  any  one  of  them,  it  is  clear  that  if  the 
numerical  value  of  any  one  of  them  be  given,  the  numerical 
value  of  all  the  rest  can  be  found. 

Example.    Given  sin  6  =  f ,  find  the  other  Trigonometrical  Katios 
of  0. 

Let  ROE  be  the  angle  0. 

Take  P  on  OE  so  that  the  measure  of  OP  is  4.  Draw  PM  per- 
pendicular to  OR. 

P 


L.  T.  A. 
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Then  since  sin  0  =  f  I  so  that  775=!  )  »  and  since  the  measure  of 

OP  is  4,  therefore  the  measure  of  MP  must  be  3. 
Let  x  be  the  measure  of  OM  ; 

then  OM2=OP2-JfPB, 


05=^7. 

Therefore  the  measure  of  OM  is  ^/T. 


.  v 

Hence,  cos  0  =  —  =  2L_ , 


EXAMPLES.    IX. 

1.  Given  that  sin  A  =f,  find  tan  .4  and  cosec  .4. 

2.  Given  that  cos  B  =  ^  find  sin  B  and  cot  Z?. 

3.  Given  that  tan  A  =  £,  find  sin  A  and  sec  J. 

4.  Given  that  sec  0=4,  find  cot  0  and  sin  6. 

5.  Given  that  tan  0=*J3,  find  sin  0  and  cos  6. 

2 

6.  Given  that  cot  6=  -.-,  find  sin  0  and  sec  0. 

v& 

7.  Given  that  sin  6=  -,  find  tan  0. 

c 

8.  Given  that  tan  6=  T,  find  sin  0  and  cos  6. 

9.  Given  that  cos  6^=  - ,  find  sin  6  and  cot  6. 

10.  If  sin  0 = a,  and  tan  <9  =  6,  prove  that  (1  -  a2)  (1  +  62)  =  1 . 

11.  If  cos  0  =  h,  and  tan  0=k,  find  the  equation  connecting 
h  and  k. 
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(in) 


(iv) 


54.  Since  the  hypotenuse  is  the  greatest  side  in  a  right- 
angled  triangle,  it  is  clear 

(i)     that   sin  A,    which   is 

hypotenuse 

is  never  greater  than  unity, 

(ii)     that    COS  A,    which   is 

hypotenuse 

is  never  greater  than  unity, 

hypotenuse 

that   cosec    A,    which    is    — ^- — - — - — , 

perpendicular 

is  never  numerically  less  than  unity 

(it  may  be  negative), 

hypotenuse 

that    sec  A,    which    is    -^- , 

base 

is  never  numerically  less  than  unity 

(it  may  be  negative). 

Hence,  such  a  question  as  'Find  an  angle  whose  sine 
is  I'  has  no  solution,  since  there  is  no  angle  whose  sine 
is  greater  than  unity. 

And  such  a  question  as  '  Find  an  angle  whose  secant 
isf-'  has  no  solution,  because  there  is  no  angle  whose  secant 
is  numerically  less  than  unity. 

55.  If  A  be  small,  the  perpendicular  is  smaller  than 

le  base;  and  tan  A.  which  is  - — —. ,  can  be  made  as 

base 

small  as  we  please  (see  figure  in  Art.  33).     Also  if   the 
angle  A  be  nearly  a  right  angle,  the  perpendicular  is  greater 

than  the  base ;  and  tan  A,  which  is  - — —, ,  can  be  made 

base 
as  large  as  we  please. 

So  that  an  angle  whose  tangent  is  a  can  always  be  found 
if  a  be  positive;  that  is,  there  is  always  an  angle  A  between 
0°  and  90°,  such  that  tan  A  —  a,  if  a  be  a  positive  number. 

[The  student  will  find  as  he  proceeds  that  the  equation 
tan  x  =  a  can  always  be  solved  if  a  be  any  arithmetical 

quantity.] 

3—2 
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Example  1.     Draw  an  angle  A  whose  sine  is  f . 

Draw  any  line  OR,  and  take  R  such  that  the  measure  of  OR 
is  unity;  describe  the  quadrant  RPU  of  the  circle  whose  centre  is 
0  and  radius  OR. 

In   OU  which  is  perpendicular  to   OR,   take   ON  so  that  the 
measure  of  ON  is  f . 
U 


Draw  NP  parallel  to  'OR  cutting  the  quadrant  in  P.  (The  student 
should  observe  that  if  the  measure  of  ON  were  greater  than  unity,  N 
would  be  outside  the  circle  altogether,  and  the  line  parallel  to  OR 
would  not  cut  the  circle  at  all.) 

Join  OP,  and  draw  PM  perpendicular  to  OR. 

Then  ROP  is  the  angle  required. 


. 

Therefore  an  angle  FOR  has  been  drawn  whose  sine  is  f  . 
Example  2.    Draw  an  angle  whose  cosine  is  b  ;   where   & 
proper  fraction. 


Draw  any  line  OR,  and  take  OR  so  that  its  measure  is  unity. 
Describe  the  quadrant  RPU  of  the  circle  whose  centre  is  O  and 
radius  OR. 
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Take  M  in  OR  so  that  the  measure  of  OM  is  b.  OM  will  be  less 
than  OR  because  &  is  a  proper  fraction. 

Draw  MP  perpendicular  to  OR  cutting  the  quadrant  in  P.  (The 
student  will  observe  that  if  &  were  an  improper  fraction,  M  would  be 
outside  the  circle  altogether.) 

Then  the  angle  ROP  is  the  angle  required. 


Therefore  an  angle  ROP  has  been  described  whose  cosine  is  &. 
Example  3.    Draw  an  angle  A  such  that  tan  A  =  a,  where  a  is  any 
positive  numerical  quantity. 


M 


Draw  any  line  OR,  and  take  M  in  it  so  that  the  measure  of  OM  is 
unity. 

Draw  MP  perpendicular  to  OM,  and  take  P  so  that  the  measure  of 
MP  is  a.  Join  OP.  Then  the  angle  ROP  is  the  angle  required. 


Thus  an  angle  ROP  has  been  drawn  so  that  tanEOP=a. 


EXAMPLES.    X. 

1.  Draw  an  angle  whose  sine  is  |. 

2.  Draw  an  angle  whose  cosecant  is  2. 

3.  Draw  an  angle  whose  tangent  is  2. 

4.  Can  an  angle  be  drawn  whose  tangent  is  431 

5.  Can  an  angle  be  drawn  whose  cosine  is  f  ? 

6.  Can  an  angle  be  drawn  whose  secant  is  5  ? 


CHAPTER  V. 

NUMERICAL  VALUES  OF  ANGLES  GREATER  THAN  90°. 

56.  IT  is  often  convenient  to  keep  the  revolving  line 
of  a  particular  length. 

This  by  Art.  24  does  not  dimmish  the  generality  of  our  conclu- 
sions. 


D 


In  this  case  the  point  P  lies  always  on  the  circumference 
of  a  circle  whose  centre  is  0. 

Let  this  circle  cut  the  lines  LOR,  UOD  in  the  points 
Z/,  R,  U,  D  respectively. 

The  circle  B  ULD  is  thus  divided  at  the  points  R,  U,  L,  D 
into  four  Quadrants,  of  which 

RfTis  called  the  first  Quadrant. 
UL  is  called  the  second  Quadrant. 
LD  is  called  the  third  Quadrant • 
DR  is  called  the  fourth  Quadrant. 
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Hence,  in  the  figure, 

ROP±  is  an  angle  of  the  first  Quadrant. 
ROP%        „  „  second  Quadrant. 

ROP%        „  ,,  third  Quadrant. 

ROP±       „  „  fourth  Quadrant. 

57.  When    we   speak    of   an   angle    of    a    particular 
quadrant  say  the  second,  it  does  not  follow  that  the  angle 
lies  between  90°  and  180°.     The  revolving  line  may  have 
performed  a  number  of   complete  revolutions  positive   or 
negative  before  it  stopped  in  the  second  quadrant 

58.  Let  A°  be  an  angle  between  0°  and  90°,  and  let  n 
be  any  whole  number,  positive  or  negative. 

Then 

i   2n  x  180°  +  A°  represents  an  angle  of  the  first  Quadrant, 
ii  2n  x  180°  —  A°  represents  an  angle  of  the  fourth  Quadrant. 

[For  2n  x  180°  represents  some  number  n  of  complete  revolutions 
of  OP ;  so  that  after  describing  n  x  360°,  OP  is  again  in  the  position 
OR.] 

iii    (2n  +  1)  x  180°  -  A°  represents  an  angle  of  the  second 

quadrant. 

iv    ('2n  +  1)  x  180°  +  A°  represents  an  angle  of  the  third 

quadrant. 

EXAMPLES.    XI. 

State  in  which  Quadrant  the  revolving  line  will  be  after 
describing  the  following  angles  : 

1.     120°.       2.     340°.         3.     490°.  4.     -100°. 

5.    -380°.     6.    -1000°.     7.    wx  360° -500°.     8.   n  x  360°  +  400°. 
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5D.  We  proceed  to  examine  more  particularly  the 
changes  in  the  Trigonometrical  Ratios  according  to  the 
Quadrant  to  which  the  angle  belongs. 


We  observe 
That  MP  is  positive  in  the  first  and  in  the  second  Quadrant. 

Because  the  direction  of  MP  is  then  from  0  to  U. 
That  MP  is  negative  in  the  third  and  fourth  Quadrants. 
That  0  M  is  positive  in  the  first  and  fourth  Quadrants. 

Because  the  direction  of  OM  is  then  from  0  to  R. 

That  OM  is  negative  in  the  second  and  third  Quadrants. 

That  OP  does  not  undergo  any  change  of  direction 
except  that  due  to  the  tracing  of  the  angle  and  is  therefore 
always  positive. 


^ 

Now   sin  4= 


MP 


OM 


tan  A  = 


MP 
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Hence.  In  the  First  Quadrant  MP,  OM,  and  OP  are 
each  positive  and  therefore  the  trigonometrical  ratios  are 
each  positive. 

In  the  Second  Quadrant, 
sin RO Pis positive;  cosfiOPis  negative;  tan  ROP is  negative. 

In  the  Third  Quadrant, 
sin  POP  is  negative;  cos  ROP  is  negative;  tan  ROP  is  positive. 

In  the  Fourth  Quadrant, 
sin  72  OP  is  negative;  cos  ROP  is  positive ;  tan  ROP  is  negative. 

60.  The  table  given  below  exhibits  the  results  of  the 
last  article. 


Quadrant  ... 

i. 

ii. 

in. 

IV. 

Sine 

-f. 

_l_ 

Cosine  

+ 

- 

- 

+ 

Tangent    ... 

+ 

- 

+ 

- 

The  student  should  notice  that  in  any  particular  Quadrant  the 
three  signs  of  sine,  cosine,  and  tangent  are  unlike  their  signs  in 
any  other  Quadrant. 


EXAMPLES.    XII. 

State  the  sign  of  the  sine,  cosine,  and  tangent  of  each  of  the 
following  angles  : 


1.  60°. 

4.  275°. 

7.  -193°. 

10.  2ftl80° 


2.  135°. 

5.  -10°. 

8.  -350°. 

11.  2w  180°  +  135°. 


3.         265°. 
6.        -91°. 

9.  -1000°. 

12.  2^180°  -30°. 
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61.  The  NUMEKICAL  VALUES  through  which  the  Trigo- 
nometrical Ratios  pass,  as  the  angle  ROP  moves  through 
the  first  Quadrant,  are  repeated  as  the  angle  ROP  moves 
through  each  of  the  other  Quadrants. 

Thus  as  P  moves  through  the  second  Quadrant  from  U  to  L,  Fig. 
n.  (OP  being  always  of  the  same  length)  MP  and  OH  pass  through 
the  same  succession  of  numerical  values  through  which  they  pass, 
as  P  moves  through  the  first  Quadrant  in  the  opposite  direction  from 
UtoR. 

Example  1.     Find  the  sine,  cosine  and  tangent  of  120°. 
120°  is  an  angle  in  the  second  Quadrant. 
Let  the  angle  ROP  be  120°  (Fig.  n.  p.  40). 
Then  the  angle  POL  =  180°  - 120° = 60°. 

MP 
Hence,  sin  120°  =  —  =  sin  60°  numerically,  and  in  the  second 

Quadrant  the  sine  is  positive. 

Therefore  sin  120°=^- (i). 

Again,  cos  120°  =  -y=j  =  cos  60°,  numerically,  and  in  the  second 
Quadrant  the  cosine  is  negative. 

Therefore  cos  120°=  -- (ii). 

Similarly,  tanl20°=  -J3 (iii). 

Example  2.     Find  the  sine,  cosine  and  tangent  of  225°. 

225°  is  an  angle  in  the  third  Quadrant. 

Let  the  angle  ROP  be  225°  (Fig.  in.  p.  40). 

Here  the  angle  POL  =  225°  - 180° =45°. 

Therefore  the  Trigonometrical  Eatios  of  225°  =  those  of  45°  nu- 
merically ;  and  in  the  third  Quadrant  the  sine  and  cosine  are  each 
negative  and  the  tangent  is  positive. 

Hence,  sih225°=  --^J  cos  225°=  -~  ;  tan  225°  =1. 

\  V^  VJ 

62.  The,  cosecant,  secant  and  cotangent  of  an  angle  A 
have  the  same  sign  as  the  sine,  cosine,  and  tangent  of  A 
respectively. 
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EXAMPLES.    XIII. 

Find  the  algebraical  value  of  the  sine,  cosine  and  tangent  of 
the  following  angles  : 

1.       150°.          2.       135°.  3.    -240°.  4.       330°. 

5.     -45°.          6.   -300°.  7.       225°.  8.    -135°. 

9.       390°.         10.       750°.          11.    -840°.  12.     1020°. 

13.  2/il80°+45°.     14.  (2?i+l)  180°  -60°.      15.  (2»-l)  180°  +  30°. 

63.  Trace  the  changes  in  sin  A  as  A  passes  through  all 
values  from  0°  to  360°.  (See  Figure  on  next  page.) 

Let  the  revolving  line  OP  starting  from  OR  revolve 
about  0  so  as  to  trace  out  successively  all  angles  below  0° 
and  360°. 

Draw  PM  perpendicular  to  LOR  and  let  P  trace  a 
circle. 

Then  OP  is  always  of  the  same  length  and  we  notice 
that  MP  is  at  first  zero  and  then  continuously  increases  till 
P  arrives  at  U  when  MP  =  OP,  and  then  again  diminishes 
continuously  till  P  arrives  at  L  when  MP  is  again  zero. 

MP  then  beeomes  negative  •  and  beginning  at  zero  when 
P  is  at  L  it  increases  continuously  numerically  exactly  as 
before  until  P  reaches  D  when  MP  =  —  OP  and  then  again 
diminishes  continuously  numerically  being  still  negative 
until  it  becomes  zero  when  P  reaches  R. 


Now  sin  A  —  -y^  ,  and  while  OP  continues  unchanged 

MP  goes  through  the  above  changes  ;  whence  we  see  that 
as  A  increases  from  0°  to  360°  sin  A  increases  continuously 
from  0  to  1  which  value  it  has  when  A  =  90°  ;  sin  A  then 
diminishes  continuously  to  0  again  which  value  it  has 
when  ^=180°;  it  then  becomes  negative,  and  increases 
continuously  numerically  exactly  as  before  becoming  —  1 
when  A  =  270°  and  then  being  still  negative  diminishes 

kjontinuously  numerically  until  it  is  again  zero  when  A 
Becomes  360°. 
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64.     Trace  the  clianges  in  the  sign  and  magnitude  of 
cos  A  as  A  passes  through  all  values  from  0°  to  360°. 
With  construction  of  the  last  Article  we  notice, 


Fig.  I 


U 


Fig.ll. 


U 


That  OP  is  always  positive  and  of  the  same  magnitude. 

That  OM  is  equal  to  OP  when  P  is  at  R  and  as  OP 
revolves  OM  diminishes  continuously  until  it  is  zero  when 
P  reaches  U.  OM  then  changes  sign  and  increases  continu- 
ously numerically  (exactly  as  MP  does  when  OP  goes  from 
OR  to  OU)  until  it  becomes  equal  to  —  OP  when  P  arrives 
at  L.  OM  then  diminishes  continuously  numerically,  being 
still  negative,  until  it  becomes  zero  when  P  arrives  at  D  • 
OM  then  changes  sign  and  becomes  positive  and  from  zero 
increases  continuously  until  it  becomes  equal  to  OP  when 
P  arrives  again  at  R. 

Now  cos  A  =  -y=  and  while  OP  is  unchanged,  OM  goes 
through  the  above  change  ;  whence  we  see, 
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that  as  A  increases  from  0°  to  360°  cos  A  diminishes  con- 
tinuously from  1  to  0  which  value  it  has  when  A  =  90°. 

cos  A  then  becomes  negative  and  increases  continuously 
numerically  from  0  to  —  1  which  value  it  has  when  A  =  180°  ; 
it  next  diminishes  continuously  numerically  from  -  1  to  0 
which  value  it  has  when  A  =  270°,  continuing  still  negative; 
and  lastly  it  becomes  positive  and  increases  continuously 
from  0  to  1  which  value  it  has  when  A  =  360°. 

65.  Trace  the  changes  in  tan  A  as  A  passes  continu- 
ously from  0°  to  360°. 

With  the  figure  and  construction  of  Art.  64  we  notice 

i  that  MP  changes  continuously  from  0  to  1  ;  from 
1  to  0  ;  from  0  to  —  1  ;  and  from  —  1  to  0  as  A  turns  con- 
tinuously from  0°  to  90°;  from  90°  to  180°;  from  180°  to 
270°,  and  from  270°  to  360°. 

ii  that  OM  changes  continuously  from  1  to  0; 
from  0  to  -  1  ;  from  -  1  to  0  ;  from  0  to  1,  as  A  turns 
continuously  from  0°  to  90°;  from  90°  to  180°;  from  180° 
to  270°  ;  and  from  270°  to  360°. 


Now  tan  A  =  ^-^;  hence  we  see  that  the  fraction  tan  A 

changes  continuously  from  0  to  co  ;  from  -  oo  to  0  ;  from 
0  to  -oo  ;  and  from  oo  to  0,  as  A  turns  continuously  from 
0°  to  90°;  from  90°  to  180°;  from  180°  to  270°;  and  from 
270°  to  360°. 

Here  the  symbol  ±  oo  means  that  as  the  angle  A 
approaches  its  value,  the  tangent  can  be  made  greater  than 
any  assignable  positive  or  negative  number. 

NOTE.    We  cannot  distinguish  between  oo  and  -  <x>  any  more  than 
we  can  between  +  0  and  -  0. 
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EXAMPLES.    XIV. 

Trace  the  changes  in  sign  and  magnitude  as  A  increases  con- 
tinuously from  0°  to  360°  of 

1.  cos  A.  2.  tan  A.  3.  cot  A.  4.  sec  A. 

5.  cosec  A.        6.  1-sin  A.        7.  sin2  A.        8.  sin  A  .  cos  A. 

9.  sin^4+cos  A.          10.  tan  .4  + cot  A          11.  sin  A-  cos  A. 

66.  We    have    said    that   the    trigonometrical   ratios 
of   any   given    angle   can   be   found   from    the   Table    (or 
Dictionary). 

The  Table  gives  the  Ratios  of  angles  between  0°  and  90° 
and  we  have  shewn  how  the  Ratios  of  a  given  angle  of  any 
magnitude  can  be  expressed  in  terms  of  the  Ratios  of  an 
angle  between  0°  and  90°. 

When  we  are  given  a  numerical  value  for  the  sine  we 
can  always  find  angles  having  that  sine  provided  the 
number  is  less  than  unity. 

67.  To  draw  the  diagram  of  angles  having  their  sine 
equal  to  a  given  number  a  (less  than  unity). 

With  the  usual  construction,  let  the  radius  of  the  circle 
RULD  be  the  unit  of  length  ;  then  the  measure  of  OP  is  1. 

From  0  draw  on  0  U  a  line  ON  so  that  its  measure  is  a. 

\ON  will  be  drawn  upwards  (Fig.  I.)  or  downwards  (Fig. 
n.)  from  0  according  as  a  is  positive  or  negative.] 

Through  N  draw  P]P2  parallel  to  LOR  to  cut  the  circle 
in  PI  and  P*.  Join  OPlt  OP2.  Draw  P.M^  P2M2  per- 
pendicular to  LOR. 

Then  M1P1=ON=  MP2,  and 


*  If  a  were  greater  than  unity,  ON  would  be  greater  than  OU,  and 
the  construction  would  fail. 
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Hence  any  angle  described  by  the  revolving  line  OP, 
when  OP,  starting  from  OR,  stops  either  in  the  position  OP^ , 
or  in  the  position  OP2,  is  an  angle  whose  sine  is  a. 

And  no  other  angle  has  its  sine  equal  to  a,  for  there  is 
no  other  possible  position  of  N. 

Hence  the  required  diagram  is  like  Fig.  i.  when  a  is 
positive  and  like  Fig.  n.  when  a  is  a  negative. 

68.  To  find  an  algebraic  expression  for  all  angles 
having  their  sine  equal  to  a  given  number  a. 

With  the  figure  and  construction  of  the  last  article, 
let  A°  be  the  least  angle  whose  sine  =  a. 

Then  in  either  of  the  figures  ROP1  =  A°  and  P2OL  =  A". 

Every  angle  whose  sine  =  a  is  included  among  those 
described  by  the  revolving  line  OP  when,  starting  from  OR, 
OP  stops  in  one  or  the  other  of  the  positions  OP1  or  OPZ. 

When  OP,  starting  from  OR,  stops  in  the  position  OPl, 
the  angle  may  be  described  by  OP  turning  through  a  certain 
number  of  complete  revolutions  to  OR,  and  then  through 
ROPl ;  that  is,  the  angle  is  one  of  those  included  in 

2m  x  180°  +  A°, 
where  m  is  some  integer,  positive  or  negative.     [Art.  58.] 
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When  OP,  starting  from  OR  ,  stops  in  the  position  OP2  , 
the  angle  may  be  described  by  OP  turning  through  a  certain 
odd  number  of  half  -re  volutions  to  OL,  and  then  back  through 
LOP2  ;  that  is,  the  angle  is  one  of  those  included  in 

(2r  +  l)xl80°-^°, 

where  r  is  some  integer,  positive  or  negative. 
Both  of  these  expressions  are  included  in 

nx  180°  -f  (-l)nA°, 
where  n  is  some  integer,  positive  or  negative  *. 

Thus,  the  solution  of  the  equation  sin  0  —  sin  A  is 

0=Wx  180°  +  (-!)"  .4°. 

Example.    Find  six  angles  between  -  4  right  angles  and  +  8  right 
angles  which  satisfy  the  equation  sin  A  =  sin  18°. 


Put  for  n  the  values  -2,  -  1,  0,  1,  2,  3,  4  successively  and  we  get 
the  six  angles 

-  360°  +  18°,  -  180°  -  18°,  18°,  180°  -  18°,  360°  +  18°,  540°  -  18°, 
i.e.  -  342°,  -  198°,  18°,  162°,  378°,  522°. 

The  student  is  recommended  to  draw  a  figure  in  the  above 
example.  Also  to  draw  a  figure  in  each  example  of  this  kind  which 
he  works  for  exercise. 

EXAMPLES.    XV. 

1.  Find  the  four  smallest  angles  which  satisfy  the  equations 

1  /3 

(i)  sin  A  =  i.     (ii)  sin  A  =  -^  .     (iii)  sin  A  =  %-  .     (iv)  sin  A  =  -  J. 
V/* 

2.  Find  four  angles  between  zero  and  -f-8  right  angles  which 
satisfy  the  equations 

(i)  sin  A  =sin  20°.         (ii)  sin  6  =  -  -j=  .         (iii)  sin  6  =  -  sin  ^. 

^z  t 

3.  Prove  that  30°,  150°,  -  330°,  390°,  -  210°  have  all  the  same 
sine. 

*  For  if  n  be  even,  let  it  be  2m,  when  (  -  l)2m=  +  1  ;  if  n  be  odd, 
let  it  be  2r  +  1,  when  (  -  l)2^1  =  -  1. 
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69.  To  find  the  complete,  Geometrical  Solution  of  the 
equation  COS  9  —  a. 

With  the  usual  construction,  let  the  radius  of  the  circle 
RULD  be  the  unit  of  length,  so  that  the  measure  of  OP  is  1. 


From  0  draw  on  OR  a  line  OM^  such  that  its  measure 
is  a. 

OMl  will  be  drawn  towards  the  right  or  towards  the 
left  according  as  a  is  positive  or  negative. 

Through  J/x  draw  P^M^P2  perpendicular  to  OR  to  cut 
the  circle  in  P15  Pz.     Join  OP15  OP2. 
OM1  _a 
OP  ~T 


Then 


Hence  any  angle  described  when  OP,  starting  from  OR, 
stops  in  the  position  0P1}  or  in  the  position  OP2,  is  an 
angle  whose  cosine  is  a. 

And  no  other  angle  has  its  cosine  =  a,  for  there  is  no 
other  possible  position  of  Ml. 

NOTE.    The  figure  is  drawn  for  the  case  in  which  a  is  positive,  the 
second  case  is  left  to  the  student. 

L»  T.  A.  4 
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70.  To  find  the  complete  Algebraical  Solution  of  the 
equation  COS  9  =  d. 

With  the  figure  and  construction  of   the  last  article, 
let  A  °  be  the  least  angle  whose  cosine  =  a. 
Then  in  the  figure  ROP±  =  A°  and  P2OR  =  a. 
Every  angle  whose  cosine  =  a  is  included  among  those 
described  when  OP,  starting  from  OR,  stops  in  one  or  the 
other  of  the  positions  OPl  or  OP2 . 

If  OP  starting  from  O'R  stop  in  the  position  OP1}  the 
angle  described  is  one  of  those  included  in  the  expression 

2m  x  180°  +  A°.  [Art.  58.] 

If  OP  starting  from  OR  stop  in  the  position  OP2,  the 
angle  described  is  one  of  those  included  in  the  expression 

2r  x  180°  -A\ 
Both  of  these  expressions  are  included  in 

2nx  180°±^L°. 

Thus  the  solution  of  the  equation  cos  0  =  cos  a  is 
0  =  2nx  180°  ±  A°. 

71.  To  find  the  complete  Geometrical  Solution  of  the 
equation  tan  9  —  d. 

From  0  draw  on   the   line    OR  two  lines  OMlt  OM2, 
whose  measures  are  +  1  and  -  1  respectively. 

P, 


iifl 


And  draw  perpendicular  to  LOR  from  M1  a  line  M^P^ 
whose  measure  is  a,  and  from  M2  a  line  M%P2  whose  measure 
is -a.  Join  02\,  OP2. 
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M2P2     -a 


Then 

Hence  any  angle  described  when  OP,  starting  from  OR, 
stops  in  one  or  the  other  of  the  positions  OPl  or  OP2,  is  an 
angle  whose  tangent  is  a. 

And  no  other  angle  has  its  tangent  =  a. 

72.  To  find  the  complete  Algebraical  Solution  of  the 
equation  tan  0=d. 

With  the  figure  and  construction  of  the  last  article, 
let  A°  be  the  least  angle  whose  tangent  is  a. 

Then  in  the  figure  ROP±  =  A°  and  LOP2  =  a. 

Every  angle  whose  tangent  is  a  is  included  among  those 
described  by  OP,  starting  from  OR  and  stopping  in  one  or 
the  other  of  the  positions  OPl  or  OP2. 

If  OP  starting  from  OR  stop  in  the  position  OP1?  the 
angle  described  is  one  of  those  included  in  the  expression 
2ml8Q°+A  .  Art  58.] 

If  OP  starting  from  OR  stop  in  the  position  OP2,  the 
angle  described  is  one  of  those  included  in  the  expression 
(2r  +  1)180°  +  A°. 

Both  of  these  expressions  are  included  in 
nl80°+A°*. 

Thus  the  solution  of  the  equation  tan  0  =  tan  a  is 


EXAMPLES.    XVI. 

1.     "Write  down  the  complete  Algebraical  Solution  of  each  of 
the  following  equations  : 

(i)     cos  &  =  %.  (ii)     tan  0=1.  (in)    tan0=-l. 

(iv)  tan0=-V3.      (v)     cos0=cosy.     (vi)  tan  6  =  tan  -£. 

*  For  if  n  be  even,  this  is  the  first  formula  ;  if  n  be  odd  it  is  the 
second. 

4—2 
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2.  Shew  that  each  of  the   following  angles  has  the  same 
cosine : 

-120°,   240°,   480°,    -480°. 

3.  The  angles  60°  and  -  120°  have  one  of  the  Trigonometrical 
Ratios  the  same  for  both ;  which  of  the  ratios  is  it  ? 

4.  Can  the  following  angles  have  any  one  of  their  Trigono- 
metrical Ratios  the  same  for  all  1 

-23°,    -  157°  and  157°. 

5.  Find  four  angles  which  satisfy  each  of  the  equations 
in  Question  1. 


CHAPTER  VI. 
THE  RATIOS  OF  DIFFERENT  ANGLES. 

73.  WE   proceed   to    consider   the    relations   between 
the  Trigonometrical    Ratios  of   the  angles  +  A  and  -  A, 
and   of   angles  which    differ  by  some  multiple  of  a  right 
angle. 

74.  PROP.     To  prove  sin  A  =  -  sin  (-  A), 
and  cos  A  =  cos  (—  A). 

Take  two  revolving  lines,  OP  and  OP. 

Let  OP  starting  from  OR  describe  the  angle  A, 
let  OP'  starting  from  OR  describe  the  angle  -A. 

So  that  the  angle  ROP  is  always  equal  geometrically 
to  the  angle  ROP ;  also  whenever  P  crosses  LOR,  P' 
crosses  it  also ;  hence  whenever  P  is  above  LOR,  P'  is 
below  LOR  and  vice  versa. 


U 


Let  OP  =  OP',  then  perpendiculars  drawn  from  P  and 
P'  to  LOR  will  cut  LOR  in  the  same  point  M,  and 
MP  =  M P  in  magnitude. 

Hence  QM  is  common  to  the  two  angles 
and  MP,  MP1  are  always  equal  and  of  opposite  sign. 
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or, 


or, 


Hence 


Also 


MP 


MP 
OF 


sin  A  —  —  sin  (-  A\  for  all  values  of  A, 

OM     OM 

7HT  =  777y  >  always ; 


75. 


cos  A  =  cos  (—  A),  for  all  values  of  A. 
PROP.     To  prove  sin  A  =  -  cos  (90°  +  A), 
and  cos  A  =  sin  (90°  +  A). 

Take  two  revolving  lines  OP  and  OP. 
Let  OP  starting  from  OR  describe  the  angle  A ; 
let  OP'  starting  from  OR  describe  the  angle  90°  +  A. 

In  describing  (90°  +  A)  we  shall  consider  that  OP'  start- 
ing from  OR  turns  first  through  90°  into  the  position  OU, 
and  then  on  from  OU  through  the  angle  A. 

U 


R    ' 


So  that  ROP,  the  angle  which  OP  describes  from  OR, 
is  always  equal  to  UOP,  the  angle  which  OP'  describes 
from  OU  in  the  same  direction. 

Draw  PM,  PM'  perpendiculars  to  LOR;  draw  P'N' 
perpendiculars  to  UOD. 

Hence,  N'P,  that  is  OM\  always  =  MP  in  magnitude. 

Also,  P  is  to  the  left  or  to  the  right  of  UOD  according 
as  P  is  above  or  below  LOR. 

So  that  MP  and  OM'  are  always  of  opposite  sign. 
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MP        OM' 

Hence,  OP  =  "  ~OP  '  always' 

or,  sin  A  =  —  cos  (90°  +  A),  for  all  values  of  A. 

Similarly,  OM  always  =  J/'P'  in  magnitude. 

And  P'  is  above  or  below  LOR  according  as  P  is  to  the 
right  or  to  the  left  of  UOD. 

So  that  OM  and  M'P'  are  always  of  the  same 

OM     M'P 
Hence,  -        = 


or,  cos  A  =  sin  (90°  +  A)}  for  all  values  of  A. 

76.     The  above  results  are  very  important;  they  may 
be  expressed  as  follows. 

I.  The  sine  of  an  angle  is  equal  to  -  the  sine  of  —  the 
angle. 

II.  The  cosine  of  an  angle  is  equal  to  the  cosine  of 
-  the  angle. 

III.  The  sine  of  the  greater  of  two  angles  which  differ 
by  90°,  is  equal  to  the  cosine  of  the  less. 

IV.  The  cosine  of   the  greater  of   two  angles  which 
differ  by  90°  is  equal  to  —  the  sine  of  the  less. 

Example  i.     Prove  sin  (180°  +  A)  —  -  sin  A, 
and  cos(180°  +  ^)=-cos^. 

Here,    sin  (180°  +  4)=  sin  (90°+  90°Tl)=cos(900  +  ,i)  [by  III. 

=  -sin4  [by  IV. 

Again,  cos  (180°  +  A  )  =  cos  (90°  +  90°  +  A  )  =  -  sin  (90°  +  A)  [by  IV. 

=  -cos^  [by  HI. 
Example  ii.     Prove  sin  (180°  -  A)  =  sin  A, 
and                                 cos  (180°  -4)=  -cos  A. 

Here,       sin  (180°-^)  =  sin  (90°  +  90°-^)  =  cos  (90°-^)  [by  III. 

=  -  sin  (  -  A)  [by  IV. 

=  sin  A  [by  I. 

Again,     cos  (180°  -  ,4  )  =  cos  (90°  +  90°  -  4  )  =  sin  (90°  -4)  [by  IV. 

=  -cos(-4)  [by  III. 
[by  II. 
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77.  The  method  of  Arts.  74,  75  may  be  easily  applied 
to  prove  independently  the  result  of  Examples  i.  and  ii. 
above,  and  it  is  a  much  more  instructive  exercise 
for  the  student  to  make  out  the  independent  proof  for 
himself  than  to  depend  on  a  known  result. 

We  give  two  examples  which  are  important. 

DEF.  Two  angles  are  said  to  be  the  complement 
the  one  of  the  other  when  their  sum  is  90°. 

Thus  (90°-  A)  is  the  complement  of  A. 

f  A       R\  C1 

IfA+B  +  C=  180°  then  f  -  +  -  J  is  the  complement  of  - . 

Example  i.  To  prove  that  the  sine  of  an  angle  =  the  cosine  of 
its  complement. 

That  is,  to  prove        sin  A = cos  (90°  -  A) 
and  cos  A  =  sin  (90°  -  A ) . 

We  take  two  revolving  lines  OP  and  OP'.  OP  starting  from  OR 
is  to  describe  the  angle  A  ;  OP'  starting  from  OR  is  to  describe 
(90°-^). 

As  usual,  PM,  P'M'  are  perpendiculars  on  OR  and  P'N'  is  a  per- 
pendicular on  OU. 

In  describing  (90° -A)  we  shall  consider  that  OP'  starting  from 
OR,  turns  first  through  90°  into  the  position  0(7,  and  then  turns  back 
from  OU  through  the  angle  UOP'  =  (  -A). 

So  that  ROP,  the  angle  which  OP  describes  from  OR,  is  always 
equal  to  UOP1,  the  angle  which  OP'  describes  from  0  U  in  the  opposite 
direction. 

Hence,  N'P',  that  is,  OM',  is  always  equal  to  MP  in  magnitude. 

Also  it  will  be  seen  that  when  P  is  above  LOR,  P'  is  to  the  right  of 
UOD ;  when  P  is  below  LOR,  P'  is  to  the  left  of  UOD. 

Hence,  OM'  and  MP  have  always  the  same  sign. 

mi.         *  MP        OM'      1 

Therefore  ^  =  ^p-  always, 

or,  sin  A  =cos  (90°  -  A),  for  all  values  of  A. 
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Again,  ON',  that  is  M'P',  is  always  equal  to  OM'  in  magnitude. 
And  P'  is  above  or  below  LOR  according  as  P  is  to  the  right  or  to 
the  left  of  UOD. 

So  that  M'P'  and  OM  have  always  the  same  sign. 

TV        r  OM       M'P'     . 

Therefore  -^  =  -^  always, 

or,  cos  A  =  sin  (90°  -  A)  for  all  values  of  A. 


EXAMPLES.    XVII. 

Prove,  drawing  a  separate  figure  for  each  example,  that 
1.    sin  30°  =  cos  60°.  2.     sin  65°  =  cos  25°. 

3.    sin  195°  =  cos  (-105°).          4.     cos  275  =  sin  (-185°). 
5.    cos  (-27°)  =  sin  11 7°.  6.    cos  300°= sin  (-210°). 

If  A,  B,  C  be  the  angles  of  a  triangle,  so  that  A  +B  +  C=  180°, 
prove 


„  A       .    B  +  C 

7.    cos-=sm— . 

.    C          A  +  B 

9.     sin  —  =  cos  —    —  . 


B      .    A  +  C 
8.    cos-=sm  — . 

.    A          B  +  C 
10.     sin  — =  cos— — . 
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78.  Def-  Two  angles  are  said  to  be  the  Supplements 
the  one  of  the  other  when  their  sum  is  two  right  angles. 

Thus  (180°  -A)  is  the  supplement  of  A. 

If  A,  JB,  C  be  the  angles  of  a  triangle,  (A  +  B  +  C)=  180°, 
so  that  (B  +  C)  is  the  supplement  of  A . 

Example  ii.  To  prove  that  the  sine  of  an  angle  =  the  sine  of  its 
supplement;  and  that  the  cosine  of  an  angle  — •  -  (the  cosine  of  its 
supplement). 

That  is,  to  prove        sin  A  =  sin  (180°  -  A) 
and  cos^=  -cos  (180°-^). 

We  take  two  revolving  lines  OP  and  OP'.  OP  starting  from  OR 
describes  the  angle  A  •  OP1  starting  from  OR  describes  the  angle 
(180° -4). 

In  describing  (180°-^)  we  consider  that  OP'  starting  from  OR 
turns  first  through  180°  into  the  position  OL,  and  then  back  from 
OL  through  the  angle  LOP'  =  ( -  A). 


So  that  HOP,  the  angle  which  OP  describes  from  OR,  is  always 
equal  to  LOP',  the  angle  which  OP'  describes  from  OL  in  the  opposite 
direction. 

Hence,  HP  and  M'P'  are  always  equal  in  magnitude. 
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Also,  P  and  P'  are  always  loth  above,  or  both  below  LOR. 
So  that  HP  and  M'P'  are  always  of  the  same 


Therefore  ^  =  -^  always, 

or,  sin  A  =  sin  (180°  -  A),  for  all  values  of  A. 

Again,  OM  and  OM'  are  always  equal  in  magnitude. 

Also  it  will  be  seen  that  when  P  is  on  the  rip/it  of  UOD,  P'  is  on 
the  left  of  t/OD  ;  when  P  is  on  the  left  of  UOD,  P'  is  on  right  of 
ITOD. 

So  that  OM  and  OJ-f  '  are  always  of  opposite  sign. 

OM        OM'    . 
Therefore  op  =  ~  "OP7  always' 

or,  cos  A  —  -  cos  (180°  -  A),  for  all  values  of  A. 

NOTE.    By  the  method  of  Art.  76  we  proceed  thus 


sin  ( 180°  -  ,4  =  sin  (90°  +  90°  -  4 )  =  cos  (90°  - 
=  -  sin  (—  A)  =  sin  A 


cos  (180°  -  A)  =  cos  (90°  +  90°  -  A )  =  -  sin  (90°  -  A ) 
=  -cos-^=  -cos  A. 


EXAMPLES.    XVIII. 

Prove,  drawing  a  separate  figure  in  each  case,  that 
1.    sin  60°  =  sin  120°.  2.     sin  340°= sin  (-160°). 

3.    sin  (-40°)= sin  220°.  4.    cos  320°= -cos (-140°). 

5.    cos  (-380°)= -cos 560°.  6.    cos  195°= -cos (-15°). 

If  A,  B,  C  be  the  angles  of  a  triangle,  prove 
1.    smA  =  sm(B  +  C).  2.     sin  0= sin  (A+B). 

3.    cos  J3=- cos  (4  +  0)-  4-     cosA=-cos(C+B). 
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Example  iii.     To  prove  sin  A  =  -  sin  (180°  +  A), 
and  cos  A=  -cos  (180°  +  ^). 

As  before,  we  take  two  revolving  lines  OP  and  OP'.  OP  starting 
from  OR  describes  the  angle  A  ;  OP'  starting  from  OR  describes  the 
angle  (180° +  4). 

In  describing  (180°  +  A)  we  consider  that  OP'  starting  from  OR 
turns  first  through  180°  into  the  position  OL,  and  then  on  from  OL 
through  the  angle  A. 


So  that  ROP,  the  angle  which  OP  describes  from  OR,  is  always 
equal  to  LOP',  the  angle  which  OP'  describes  from  OL  in  the  same 
direction. 

Hence,  M'P'  always  =  MP  in  magnitude. 

Also  it  will  be  seen  that  when  P  is  above  LOR,  P'  is  below  LOR 
and  vice  versa*. 

So  that  MP  and  M'P'  are  always  of  opposite  sign. 
MP        M'P'    . 

Hence,  OP  =  ~  ~OPT  always' 

or,  sin  A  =  -  sin  (180°  +  A),  for  all  values  of  A. 

Similarly,  OM  always  =OM'  in  magnitude. 

And  P'  is  to  the  left  or  to  the  right  of  UOD  according  as  P  is 
to  the  right  or  to  the  left  Df  UOD. 

OM        OM' 


Hence, 


or, 


. 
—  =  -  -^  always, 

cos  A  =  -  cos  (180°  +  A),  for  all  values  of  A. 


*  This  will  be  more  clear  if  the  student  observes  that  POP'  is 
always  a  straight  line. 
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MISCELLANEOUS  EXAMPLES.    XIX. 


Prove,  drawing  a  separate  figure  in  each  case,  that 


1.  sin  60°  =  -  sin  240°.  2. 

3.  sin  ( -  20°)  =  -  sin  160°.  4. 

5.  cos  ( -  225)  =  -  cos  ( -  45°).  6. 

7.  sin  60°  =  -  cos  150°.  8. 

9.  sin  225  =  -  cos  315°.  10. 


sin  170°= -sin  350°. 
cos  380°=  -cos  560°. 
cos  1005°=  -cosl!85c 
cos  60°= sin  150°. 
cos  (-60°)= sin  30°. 


If  A  +  B+ C  be  the  angles  of  a  triangle,  prove  that 
11.     ain.A=-ain(2A+JB+C).     12.     sin A=  -cos  - 
A+3B  +  C 


13.     cos  B=  sin 


15. 


B-C 

cos  — - —  =  sm 


2 
A  +  2B 


14. 


16. 


-cos(A+B+2C). 


.    C-A  B  +  2C 

sin  —  =-cos  . 


22  2 

Prove  the  following  statements  for  all  values  of  A  and  of  B. 


17. 
19. 
21. 
23. 
25. 
26. 
27. 
29. 
31. 


sin  4=  -sin  (-4). 
sin  A  =  cos  (A  -  90°). 
sin  A  =  cos  (270°  +A). 
sin  C=  -  cos  (270°  -  C]. 
sin  (90°  -B}  =  sin  (90°  -I-  B). 
cos  (180°  +4)  =  cos  (180°  - 


tan  (90°  +  ^)=-  cot  (A). 
tan  A  =  tan  (180°  +  A). 


18. 
20. 
22. 
24. 


28. 
30. 
32. 


cos  A  =  cos  ( —  A). 
cosA=  -sin  (^-90°). 
cosB=-  sin  (270°  +  B). 
cos  A=  -sin  (270°  -A.). 


tan  A=  -tan (-.4). 
tan^i=-tan(180°- 
cot  (90°  -A}  =  tan  A. 


CHAPTER  VII. 

SOLUTION  OF  TRIGONOMETRICAL  EQUATIONS. 

79.  A    Trigonometrical   Equation   is   an   equation   in 
which  there  is  a  letter,  such  as  0,  or  as,  which  stands  for 
an  angle  whose  magnitude  is  sought. 

The  solution  of  such  an  equation  is  the  process  of 
finding  angles,  any  one  of  which  when  it  is  substituted  for 
0,  or  x,  satisfies  the  equation. 

For  example,  cos  6  =  \  is  a  trigonometrical  equation.     Any  angle 
whose  cosine  is  |  satisfies  the  equation. 
We  know  that  cos  60°  =  |. 
Therefore  60°  is  a  value  for  6  which  satisfies  the  equation. 

80.  The    General    Solution    of   a    Trigonometrical 
equation  is  the  finding  a  formula  which  includes  all  angles 
each  of  which  satisfies  the  equation. 

Example  i.    A  general  solution  of  the  equation  cos  6  =  %  is 

0  =  2nxl80°±60° 
when  n  has  any  integral  value  positive  or  negative. 

For  by  Art.  70  the  cosine  of  each  of  the  angles  2n  x  180°  ±  60°  is  £ 
and  there  is  no  angle  whose  cosine  is  J  which  cannot  be  included  in 
the  expression  2nx  180°  ±60°  by  giving  n  the  proper  integral  values. 

Example  ii.    Find  a  solution  of  the  equation 
sin  0-cosec0  +  f =0. 

The  usual  method  of  solution  is  to  express  all  the  Trigonometrical 
Ratios  in  terms  of  one  of  them. 

Thus  we  put  —. — ;rfor  cosec  6,  and  we  get 
sm0 

sine — r-    +f=0. 
sm0 

This  is  an  equation  in  which  6,  and  therefore  sin  6  is  unknown. 
It  will  be  convenient  if  we  put  x  for  sin  6,  and  then  solve  the  equation 
for  x  as  an  ordinary  algebraical  equation.  Thus  we  get 
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• 

t*i+ 
*+T 
3* 
•7* 
Whence  x=  -2,  or  05=^. 

But  x  stands  for  sin  6. 
Thus  we  get  sin  6=  -  2,  or  sin  6  =  %. 

The  value  -  2  is  inadmissible  for  sin  6,  for  there  is  no  angle  whose 
sine  is  numerically  greater  than  1  (Art.  54). 


But  sin  30°  =  1. 

/.  sin  6=  sin  30°. 

Therefore  one  angle  which  satisfies  this  equation  for  6  is  30°. 
NOTE.    A  general  solution  of  the  above  equation  is  a  formula 
including  every  angle  whose  sine  is  £. 

By  Art.  68  n  x  180°  +  (  -  l)n  30°,  is  a  general  solution. 

Example  iii.    Find  a  solution  of  the  equation 

cosec  0-  cot2  6  +  1  =  0. 
We  have  cot2  6  =  cosec2  6-1. 

Therefore  the  given  equation  may  be  written 
cosec  6  -  (cosec2  6-1)  +  1=0, 
or  cosec  6  -  cosec20  +  2  =  0. 

Write  x  for  cosec  6  ;  then 


or  x2  -x  -2  =  0, 

that  is,  x<2-x  +  ±-±-2  =  0, 

that  is,  (*-£)2-£  =  0, 

that  is,  (s-i-f)(a-4  +  f)  =  0. 

Whence  either, 

a.-£_f=0;  so  that,  x  =  2  ........................  (i), 

or,  x-%  +  %  =  0',  so  that,  x=  -1  .....................  (ii). 

But  x  stands  for  cosec  6  ;  so  that  we  have  either 

cosec  0  =  2    or    cosec  6=-l  .....................  (i). 

But  cosec  30°  =  2    and    cosec  (-  90°)  =-  1  ...............  (ii). 

Therefore  30°  and  -  90°  are  each  values  of  6  which  satisfy  the 
given  equation. 
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Example  iv.     Find  the  general  solution  of  the  above  equation. 

The  algebraic  work  is  the  same  as  before. 

Every  angle  whose  cosec  is  2  satisfies  the  equation,  and  every 
angle  whose  cosec  is  -  1  satisfies  the  equation. 

Therefore  the  general  solutions  are  every  angle  included  in  either 
of  the  expressions 

n  x  180°  +  ( -  l)n  30°,    and    (2n  + 1)  x  90°. 

EXAMPLES.    XX. 

Find  (a)  one  angle  which  satisfies  each  of  the  following  equations. 
(6)  a  general  solution  of  each  equation. 

1.     sin  0=  — .  2.     4  sin  0=cosec  B. 

\M 

3.  2  cos  0  =  sec  6.  4.  4  sin  6  -  3  cosec  0=0. 

5.  4cos0-3sec0=0.  6.  3tan0=cot0. 

7.  3  sin  6  -  2  cos20 = 0.  8.  V2  sin  6  =  tan  6. 

9.  2  cos  0=^/3  cot  6.  10.  tan  6=3  cot  B. 

11.  tan  6+3  cot  0=4.  12.  tan0  +  cot0=2. 

13.  2sm20  +  V2cos0=2.  14.  3  sin2  0  +  2  sin  0  =  1. 

15.  3tan20-4sin20  =  l.  16.  2  sin2  0+^/2  sin  0  =  2. 

17.  cos20-V3  cos  0+|  =  0. 

18.  cos2  0  + 2  sin2 0- f  sin  0=0. 

THE  INVERSE  NOTATION. 

81.  In  the  solution  of   trigonometrical  equations  we 
have  to  use  such  expressions  as, 

an  angle  whose  sine  is  J. 

It  is  therefore  convenient  to  have  an  abbreviation  for 
such  an  expression. 

The  notation  employed  is 

sin-1  i. 

82.  DEF.     sin"1  a  is  an  angle  whose  sine  is  a. 
The  solution  of  the  equation  sin  6  =  a  may  be  written 

^sin-1^. 

Sometimes  the  meaning  given  to  the  expression  sin'1  a 
is  the  least  positive  angle  whose  sine  is  a. 
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Example  i.     30°  is  one  value  of  sin-1!. 
This  is  true  because  sin  30°  =  J. 

Example  ii.  sin  (sin~1a)  =  a. 

Let  d  =  sin~1a  then  0  is  an  angle  whose  sine  is  a, 
therefore  sin  6  =  a,  or  sin  (sin-1  a)  =  a. 


^EXAMPLES.    XXI. 

Prove  that  the  following  statements  are  true  when  we  take 
for  sin"1  a,  etc.  their  least  positive  value. 


. 

2 

3.    sin-1a=cos-1\/l  —  a2=tan-: 


83.  The  student  must  notice  carefully  that  such  a 
statement  as  sin~l  J  =  cos"1  J^/3  is  not  an  identity. 

For  sin"1  J  is  any  one  of  the  values  of  mr  +(-l)n  30°, 

and  cos~1'Jx/3  is  one  of  the  values  of  2rar±30°. 

Thus  150°  is  one  value  of  sin"1  J,  but  150°  is  not  a  value 
of  cos-1 


Example.    Shew  that  the  statements  in  Examples  1,  2,  and  3  of 
Examples  xxi.  are  not  true  generally. 


L,  T.  A. 


CHAPTER    VIII. 

ON  THE  RELATIONS  BETWEEN  THE  SIDES  AND  ANGLES 
OF  A  TRIANGLE. 

84.     THE  three  sides  and  the  three  angles  of  any 
triangle  are  called  its  six  parts. 

By  the  letters  A,  B,  C  we  shall  indicate 
geometrically,  the  three  angular  points  of  the  triangle  ABC; 
algebraically,  the  three  angles  at  those  angular  points  re- 
spectively. 

A 


By  the  letters  a,  6,  c  we  shall  indicate  the  measures  of 
the  sides  BC,  CA,  AB  opposite  the  angles  A,  B,  C  respec- 
tively. 

85.  I.    We  know  that,  A  +  B  +  C=  180°.    [Euc.  I.  32.] 

86.  Also  if  A  be  an  angle  of  a  triangle,  then  A  may 
have  any  value  between  0°  and  180°.     Hence, 

(i)     sin  A  must  be  positive  (and  less  than  1), 
(ii)     COS  A  may  be  positive  or  negative  (but  must  be 

numerically  less  than  1), 

(iii)     tan  A  may  have  any  value  whatever,  positive  or 

negative. 

87.  Also,  if  we  are  given  the  value  of 

(i)     sin  A,  there  are  two  angles,  each  less  than  180°, 
which  have  the  given  positive  value  for  their  sine. 


TRIANGLES. 
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(ii)     COS  A,  or  (iii)  tan  A,  then  there  is  only  one  value 
of  A,  which  value  can  be  found  from  the  Tables. 
Example.     To  prove  sin  (A  +  B)  =  sin  G. 

A  +B  +  C=  180°,  /.  A+B  =  180°-C, 
and  /.  sin  (4  +  .B)  =  sin  (180° -(7)=:  sin  C.  [p.  58.] 

EXAMPLES.    XXII. 

Find  A  from  each  of  the  six  following  equations,  A  being  an 
angle  of  a  triangle. 

1.    cosA=%.  2.    cosA=-%.  3.    sin^=^. 

4.     tan^=-l.        5.     smA=%j2.  6.     tan^=~V3. 

Prove  the  following  statements,  A,  B,  C  being  the  angles  of  a 
triangle. 

Q.  8.    c 


7. 
9. 

11. 
13. 


.    A+B+C 
sm =1. 

tan (A  +  B)=  -tan  C. 
cos(A  +  B)=  -cos  C. 


10.    cos 


12. 
14. 


cot 


A  +  B  +  C 

2 
B+C 


2 


-tan--. 


cos  (A +B-C)=  -cos  2(7. 
88.     If    ABC    be    a    right-angled    triangle   having 
C  =  90°,  then  (A  +  B)  =  90°. 

A 


Hence,  sin  A  =  sin  (90°  -  B)  =  cos  B. 


A.lso, 


sin  A  =  -  =  cos  B, 


[p.  56.] 
and  so  on. 


EXAMPLES.    XXIII. 

In  a  right-angled  triangle  ABC,  in  which  C  is  a  right  angle, 
prove  the  following  statements. 

1.     t&uA  =  cotB.  2.     tan  B = cot  A  +  cos  (7. 

3.     sin  2,1  =  8^25.  4.     cos  2^1+ cos  2.6=0. 

5—2 
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89.     II.    To  prove  a  =  b  cos  C  +  c  cos  B. 

From  A,  any  one  of  the  angular  points,  draw  AD  per- 
pendicular to  BC,  or  to  EG  produced  if  necessary. 

There  will  be  three  cases.  Fig.  i.  when  both  B  and  C 
are  acute  angles ;  Fig.  ii.  when  one  of  them  (B]  is  obtuse ; 
Fig.  iii.  when  one  of  them  (B}  is  a  right  angle.  Then 


Fig.  i. 


CD 
CA 
DB 


=  cosACD ;  or,  CD  =  b  cos  C, 


Fig.  ii 


and  -pz,  =  cos  ABD  :  or,  DB  =  c  cos  B, 
AJD 

.'.  a  =  CD  +  DB  =  b  cos  C  +  c  cos  B. 
CD 


-  cos  AGD  ;  or,  CD  =  b  cos  C, 

> 

~  =  cos  ABD-,  or,  BD  =  ccos  (180°  -  B), 
AJj 

-c  cos  (180°  -  B) 


=  b  cos  C  +  c  cos  B. 


=  6  cos  C  +  c  cos  .Z?.     [For,  cos  J9  =  cos  90°  =  0.] 
Similarly  it  may  be  proved  that, 

b  =  c  cos  A  +  a  cos  C  ',  c=  a  cos  B  +  b  cos  .4. 
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90.     III.    To  prove  that  in  any  triangle  the  sides  are 
proportional  to  the  sines' of  the  opposite  angles  ;  or,  To  prove 


a  b  c 

that  -  —  -  =  —.  —  n  =  — 


-  —  -     —.  —  n     —  —  -^  . 
sin  A      sin  B      sin  G 

From  Aj  any  one  of  the  angular  points,  draw  AD  per- 
pendicular to  BC,  or  to  BC  produced  if  necessary.     Then, 


Fig-  i.  AD  =  b  sin  G  ',  for,         =  sin  C  [Def.]  : 


also  AD  =  C  sin  B  •  for,  ~    =  sin  A 
.*.  6  sin  C  =  c  sin  B  \ 


or 
' 


sin  B     sin  (7  ' 

Fig.  ii.  AD  =  b  sin  (7, 

and  ^LZ)  =  c  sin  A  BD  =  c  sin  (180°  -  B) 


.*.  b  sin  C  =  c  sin 
6  c 


Fig.  iii.  AB  =  AC  .  sin  G  ;  or,  c  =  i  sin  (7  ; 

.;.  -^-f.  =  -.-*-=       [For  sin  ^  -  sin  90°  «=  1.] 
sin  C     sm  .5 

Similarly  it  may  be  proved  that 
a  b 


sin  A      sin  B  ' 
a  b  c 


'  sin  A      sin  J5      sin  C  ' 


Q.E.D. 
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91.     I Y.     To  prove  that  a?  =  b2  +  c*-2bc  cos  A. 

Take  one  of  the  angles  A.  Then  of  the  other  two,  one 
must  be  acute.  Let  B  be  an  acute  angle.  From  C  draw  CF 
perpendicular  to  BA,  or  to  BA  produced  if  necessary. 

There  will  be  three  figures  according  as  A  is  less,  greater 
than,  or  equal  to  a  right  angle.  Then, 


B 


A  B         c        A          F  B 


Fig.  i.    BC*  =  CA*  +  AB2-2.BA.FA-}  [Euc.  n.  13] 

or,  a?  =  b2  +  c*-2c.FA 

=  &  +  c2-  2c6cos  A.  [For  FA  =  b  .  cos  A.] 

Fig.  ii.  BC2  =  CA*  +  AB*  +  2.BA.  AF-  [Euc.  n.  12] 

or,  a2  =  62  +  c2  +  2c&  cos  ^tf 

=  &2  +  c2-26ccosA        [For  FAC=I8Q°-A.] 
Fig.  iii.  ,6a2  =CA3  +  AB*-,  [Euc.  i.  47] 

or,  a2  =  c2  +  c2  -  2bc  cos  ^  .    [For  cos  A  =  cos  90°  =  0.] 
Similarly  it  may  be  proved  that 


and  that  c2  =  a2  +  62  -  2a&  cos  (7. 

92.     V.     Hence, 


TRIANGLES. 

Example.     Suppose  we  are  given  that 

a  =  6cos  C  +  c  cos  B, 
b  =  c  cos  A  +  a  cos  C, 
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Then,  taking  a  times  the  first   +6  times  the  second  -c  times  the 
third,  we  get 

a2  +  &2-c2=(a&  cos  C  +  ac  cos  B)  +  (bccos  A  +6acos  C) 

-  (ca  cosB  +  cb  cos  A), 
=  2abcos  G. 

93.     To  find  an  expression  for  the  Area  of  a  Triangle, 
The  area  of  the  triangle  ABC  is  denoted  by  A. 


Through  A  draw  HK  parallel  to  EC,  and  through  ABC 
draw  lines  AD,  BK,  CH  perpendicular  to  EC. 

The  area  of  the  triangle  ABC  is  half  that  of  the  rectan- 
gular parallelogram  BCHK.  [Euc.  I.  41.] 

BC.CH     EC. DA 
2 


Therefore 


a  ..  b  sin  C 


sin  C 
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94.     The  student  is  advised  to  make  himself  thoroughly 
familiar  with  the  following  formulae  : 

A+B  +  C=  180°    (i), 

a  =  b  cos  C  +  c  cos  B  (ii), 

a,  b  c         abc 


EXAMPLES.    XXIV. 

In  any  triangle  ABC  prove  the  following  statements 
sin  .4  +  2  sin  B     sin  C 


a  +  26  c 

-  m .  sin2  B     sin2  (7 


1. 


3. 

4.  6  +  c  — a=(6  +  c)cos  A  —  (c  —  a)  cos  J5  +  (a  —  6)  cos  C. 

5.  a  cos  (A  +  B+ O)  -  b  cos  (B+A)  -  c  cos  (A  +  C)  =  0. 
cos  A     cosB     cosff_a2+62+c2 


CHAPTER  IX. 
ON  THE  SOLUTION  OF  TRIANGLES. 

95.  THE  problem  known  as  the  Solution  of  Tri- 
angles may  be  stated  thus :   When  a  sufficient  number  of 
the  parts  of  a  triangle  are  given,  to  find  the  magnitude  of 
each  of  the  other  parts. 

96.  When  three  parts  of  a  Triangle  (one  of  which 
must  be  a  side)  are  given,  the  other  parts  can  in  general  be 
determined. 

There  are  four  cases. 

I.  Given  three  sides.  [Compare  Euc.  I.  8.] 

II.  Given  one  side  and  two  angles.     [Euc.  I.  26.] 

III.  Given  two   sides   and  the   angle   between 

them.  [Euc.  I.  4.] 

IY.     Given  two  sides  and  the  angle  opposite  one 

of  them.  [Compare  Euc.  VI.  7.] 
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97.  Practical  measurements  are  always  approximate 
and  are  expressed  in  3,  4,  or  5  figures  according  to  the 
accuracy   of   the   measurement.       Hence   calculations   are 
almost  invariably  made  by  the  aid  of  logarithms. 

The  solutions  given  below  in  Cases  I.  and  III.  are  not 
the  solutions  usually  used.  We  give  them,  however,  as  the 
methods  of  solution  adapted  to  logarithmic  computation 
require  a  knowledge  of  compound  angles. 

Case  I. 

98.  Given  three  sides,  a,  6,  c.       [Euc.  I.  8  ;  VI.  5.] 
This  Case  may  be  solved  by  the  formula 

b2  +  c2  -  a? 
cos  A  =  -  ^  -  . 
2bc 

But  this  formula  is  not  adapted  for  logarithmic  calculation, 
and  therefore  is  seldom  used  in  practice. 

It  may  sometimes  be  used  with  advantage,  when  the 
given  lengths  of  a,  b,  c  each  contain  less  than  three  digits. 

Example.  Find  the  greatest  angle  of  the  triangle  whose  sides  are 
13,  14,  15. 

Let  a=  15,  b  =  14,  c  =  13.    Then  the  greatest  angle  is  A. 


2x14x13        23 
=  cos  67°  23',  nearly. 

[By  the  Table  of  natural  cosines.] 
.-.  the  greatest  angle  =  67°  23'. 

EXAMPLES.    XXV. 

1.  The  sides  of  a  triangle  are  2,  ^/G,  and  l-f\/3,  find  the 
angles. 

2.  The  sides  of  a  triangle  are  2,  */2  and  \/3-l>  find  the 
angles. 
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Case  II. 

99.     Given  one  side  and  two  angles,  as  a,  B,  C. 

[Euc.  I.  26 ;  VI.  4.] 

First,  A  —  180°  -  B  —  C  ;  which  determines  A. 
b 


i!  tJA.  U, 

sin  B      sin  J.  ' 

or, 

^     a  .  sin  .Z? 

sinJl    • 

and, 

c             a 

sin  (7  ~~  sin  A  ' 

r»r 

a  .  sin  C 

r.  —  . 

sin  A 
These  determine  b  and  c. 

Case  III. 

100.     The  formula  a*  =  b2  +  c2  -  2bc  cos  A  may  be  used  in 
simple  cases. 

Example.    If  6  =  35  feet,  c  =  21  feet,  and  ^  =  50°,  find  a,  given 
that  cos  50°  =-643. 

Here  a2  =  352  +  212-2x35  x  21  x  cos  50°; 


-  2  x  5  x  3  x  cos50°, 
=  25  +  9-  30  x  '643,  =14-71. 
/.  ^  =  3-82  nearly;  or,  a  =  26  '74  =  about  26|  feet. 

EXAMPLE.    XXVI. 

1.     If  a  =  21  chains,  b  =  20  chains,  C=  60°,  find  c. 
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Case  IV. 

101.  Given  two  sides  and  the  angle  opposite  one 

of  them,  as  b,  c,  B.  [Omitted  in  Euc.  I. ;  Euc.  VI.  7.] 

c  b  _     c  sin  B 

First,  since     .     ~  =  - — =  :     .'.  sin  C  =  — = —  . 
sin  C     sm  B '  b 

C  must  be  found  from  this  equation. 
When  C  is  known,     A  =  lSQ°-£-C, 

and,  a  =  —  — =-  ,  which  solves  the  triangle. 

102.  We  remark  however  that  the  angle  C,  found  from 
the   trigonometrical  equation  sin  C  =  a  given  quantity, 
where  C  is  an  angle  of  a  triangle,  has  two  values,  one  less 
than  90°,  and  one  greater  than  90°.  [Art.  86.] 

The  question  arises,  Are  both  these  values  admissible  ? 
This  may  be  decided  as  follows : 

If  B  is  not  less  than  90°,  C  must  be  less  than  90° ;  and 
the  smaller  value  for  C  only  is  admissible. 
If  B  is  less  than  90°  we  proceed  thus. 

1.  If  b  is  less  than  c  sin  j5,  then  sin  (7,  which  =  — =-—  , 

o 

is  greater  than  1.      This  is  impossible.     Therefore  if  b  is 
less  than  c  sin  B,  there  is  no  solution  whatever. 

2.  If  b  is  equal  to  c  sin  B,  then  sin  C  —  I,  and  therefore 
C  =  90° ;  and  there  is  only  one  value  of  C,  viz.  90°. 

3.  If  b  is  greater  than  c  sin  B,  and  less  than  c,  then  B 
is   less  than  C,  and  C  may  be  obtuse  or  acute.     In  this 
case  C  may  have  either  of  the  values  found  from  the  equa- 
tion sin  G  —  — = — K     Hence  there  are  two  solutions,  and 

6 

the  triangle  is  said  to  be  ambigUOUS. 

4.  If  b  is  equal  to  or  greater  than  c,  then  B  is  equal  to 
or  greater  than  (7,  so  that  C  must  be  an  acute  angle  \  and 
the  smaller  value  for  C  only  is  admissible. 
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103.  The  same  results  may  be  obtained  geometri- 
cally. 

Construction.  Draw  AB  =  c;  make  the  angle  ABD  =  the 
given  angle  B ;  with  centre  A  and  radius  =  b  describe  a 
circle  ;  draw  AD  perpendicular  to  BD. 


Fig.  I. 


Then 


=  c$mB. 


1.  If  b  is  less  than  c  sin  B,  i.e.  less  than  AD,  the  circle 
will  not  cut  BD  at  all,  and  the  construction  fails-  (Fig.  i.) 

2.  If  b  is  equal  to  AD,  the  circle  will  touch  the  line 
BD   in   the    point   D,   and   the    required   triangle   is   the 
right-angled  triangle  ABD.     (Fig.  ii.) 

3.  If  b  is  greater  than  AD  and  less  than  AB,  i.e.  than 
c,  the  circle  will  cut  the  line  BD  in  two  points  Clt  C2  each 
on  the  same  side  of  B.     And  we  get  two  triangles  ABC^, 
ABC 2  each  satisfying  the  given  condition.     (Fig.  iii.) 

4.  If  6  is  equal  to  c,  the  circle  cuts  BD  in  B  and  in 
one  other  point  C ;  if  b  is  greater  than  c  the  circle  cuts  BD 
in  two  points,  but  on  opposite  sides  of  B.    In  either  case  there 
is  only  one  triangle  satisfying  the  given  condition.  (Fig.  iv.) 


78  THE   TRIGONOMETRY  OF  ONE  ANGLE. 


MISCELLANEOUS  EXAMPLES.    XXVII. 


___ 

1.  Simplify  the  formulae  cosA=  —  ^  -  ,  in  the  case  of 

2oc 

an  equilateral  triangle. 

2.  The  sides  of  a  triangle  are  as  2:x/6:l+x/3,  find  the 
angles. 

3.  The  sides  of  a  triangle  are  as  4,  2^/2,  2  (V3-  1),  find  the 
angles. 

4.  Given  C  =  1  20°,  c  =  Jl  9,  a  =  2,  find  b. 

5.  Given  ^  =  60°,  6=4^7,  c  =  6V7,  find  a. 

6.  Given  A  =  45°,  B  =  60°  and  a  =  2,  find  c. 

7.  The  sides  of  a  triangle  are  as  7  :  8  :  13,  find  the  greatest 
angle. 

8.  The  sides  of  a  triangle  are  1,  2,  A/7,  find  the  greatest 


9.  The  sides  of  a  triangle  are  as  a :  b  :J(a2  +  ab  +  b2),  find 
the  greatest  angle. 

10.  When  a  :  b  :  c  as  3:4:5,  find   the  greatest  and  least 
angles  ;  given  cos  36°  52'  =  *8. 

11.  If  a=5  miles,  6  =  6  miles,  c  =  10  miles,  find  the  greatest 
angle,     [cos  49°  33' = '65.] 

12.  If  a  =  4,  6  =  5,  c=8,  find  C;  given  that  cos  54°  54'= -575. 

13.  The  two  sides  a  and  b  are  ^3  +  1  and  2  respectively; 
C=  30° ;  solve  the  triangle. 

14.  Given  (7=  18°,  a =^5  + 1,  c=A/5  —  1,  find  the  other  angles. 

15.  If  6  =  3,  (7=120°,  6  =  ^/13,  find  a  and  the  sines  of  the 
other  angles. 

16.  Given  A  =  105°,  5=45°,  0=^/2,  solve  the  triangle. 

17.  Given  2? =75°,  (7=30°,  c=,/8,  solve  the  triangle. 

18.  Given  5  =  45°,  c=*/75,  6  =  ^/50,  solve  the  triangle. 

19.  Given  £  =  30°,  c=150,  6  =  50^/3,  shew  that  of  the  two 
triangles  which  satisfy  the  data,  one  will  be  isosceles  and  the 
other  right-angled.     Find  the  third  side  in  the  greatest  of  these 
triangles. 
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20.  Is  the  solution  ambiguous  when  5=30°,  c=150,  6  =  75? 

21.  If  the  angles  adjacent  to  the  base  of  a  triangle  are  22|° 
and  112|°,  shew  that  the  perpendicular  altitude  will  be  half  the 
base. 

22.  If  a  =  2,  b  =  4  -  2^/3,  c  =  J6  ( ^3  -  1 ),  solve  the  triangle. 

23.  If  A  =  9°,  B = 45°,  b = V6,  find  c. 

24.  Given  B  =  lb°,b  =  j3-l,  c=jZ  +  l,  solve  the  triangle. 

25.  Given  sin  J5='25,  a =5,  6  =  2'5,  find  .4.     Draw  a  figure 
to  explain  the  result. 

26.  Given  (7=15°,  c=4,  a  =  4+^48,  solve  the  triangle. 

27.  Two  sides  of  a  triangle  are   3^/6  yards  and  3(^/3  +  1) 
yards,  and  the  included  angle  45°,  solve  the  triangle. 

28.  If  (7=30°,  b  =  100,  c=45,  is  the  triangle  ambiguous  ? 

29.  Prove  that  if  A  =  45°  and  B = 60°  then  2c = a  (1  +  ^3). 

30.  The  cosines  of  two  of  the  angles  of  a  triangle  are  ^  and 
f ,  find  the  ratio  of  the  sides. 


CHAPTER  X. 

ON  THE  MEASUREMENT  OF  HEIGHTS  AND  DISTANCES. 

104.  WE  have  said  (Art.  36)  that  the  measurement, 
with  scientific  accuracy,  of  a  line  of  any  considerable  length 
involves  a  long  and  difficult  process. 

On  the  other  hand,  sometimes  it  is  required  to  find  the 
direction  of  a  line  that  it  may  point  to  an  object  which  is 
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not  visible  from  the  point  from  which  the  line  is  drawn. 
As  for  example  when  a  tunnel  has  to  be  constructed. 

By  the  aid  of  the  Solution  of  Triangles 
we  can  find  the  length  of  the  distance  between  points  which 
are  inaccessible ; 

we  can  calculate  the  magnitude  of  angles  which  cannot  be 
practically  observed  ; 

we  can  find  the  relative  heights  of  distant  and  inaccessible 
points. 

The  method  on  which  the  Trigonometrical  Survey  of  a 
country  is  conducted  affords  the  following  illustration. 

105.     To  find  the  distance  between  two  distant  objects. 
P^ 


Two  convenient  positions  A  and  JB,  on  a  level  plain  as 
far  apart  as  possible,  having  being  selected,  the  distance 
between  A  and  B  is  measured  with  the  greatest  possible 
care.  This  line  AB  is  called  the  base  line.  (In  the  survey 
of  England,  the  base  line  is  on  Salisbury  plain,  and  is  about 
36,578  feet  long.) 

Next,  the  two  distant  objects,  P  and  Q  (church  spires, 
for  instance)  visible  from  A  and  B,  are  chosen. 

The  angles  PAB,  PEA  are  observed.  Then  by  Case  II. 
Chapter  IX.,  the  lengths  of  the  lines  PA,  PB  are  cal- 
culated. 
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Again,  the  angles  QAB,  QBA  are  observed ;  and  by  Case 
II.  the  lengths  of  QA  and  QB  are  calculated. 

Thus  the  lengths  of  PA  and  QA  are  found. 

The  angle  PAQ  is  observed  ;  and  then  by  Case  III.  the 
length  of  PQ  is  calculated. 

106.  Thus  the  distance  between  two  points  P  and  Q 
has  been  found.     The  points  P  and  Q  are  not  necessarily 
accessible  ;  the  only  condition  being  that  P  and  Q  must  be 
visible  from  both  A  and  B. 

107.  In  practice,  the  points  P  and  Q  will  generally  be 
accessible,  and  then  the  line  PQ,  whose  length  has  been  cal- 
culated, may  be  used  as  a  new  base  to  find  other  distances. 

108.  To  find  the  height  of  a  distant  object  above  the  point 
of  observation. 


M 

Let  B  be  the  point  of  observation ;  P  the  distant  object. 
From  B  measure  a  base  line  BA  of  any  convenient  length, 
in  any  convenient  direction ;  observe  the  angles  PAS,  PBA, 
and  by  Case  II.  calculate  the  length  of  BP.  Next  observe  at 
B  the  '  angle  of  elevation '  of  P ;  that  is,  the  angle  which 
the  line  BP  makes  with  the  horizontal  line  BM,  M  being  the 
point  in  which  the  vertical  line  through  P  cuts  the  horizontal 
plane  through  B. 

Then  PM,  which  is  the  vertical  height  of  P  above  B  can 
be  calculated,  for  PM=BP.  sin  MBP. 

T.     T      A  6 


L.  T.  A. 
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EXAMPLES.    XXVIII. 

1.  Two  straight  roads  inclined  to  one  another  at  an  angle 
of  60°,  lead  from  a  town  A  to  two  villages  B  and  (7;  B  on  one 
road  distant  30  miles  from  A,  and  (7  on  the  other  road  distant 
15  miles  from  A.    Find  the  distance  from  B  to  C.    Ans.  25'98  m. 

2.  Two  ships  leave  harbour  together,  one  sailing  N.E.  at 
the  rate  of  7£  miles  an  hour  and  the  other  sailing  North  at  the 
rate  of  10  miles  an  hour.     Prove  that  the  distance  between  the 
ships  after  an  hour  and  a  half  is  10'6  miles. 

3.  A  and  B  are  two  consecutive  milestones  on  a  straight 
road  and  C  is  a  distant  spire.     The  angles  ABC  and  BAG  are 
observed  to  be  120°  and  45°  respectively.    Shew  that  the  distance 
of  the  spire  from  A  is  3 '346  miles. 

4.  If  the  spire  C  in  the  last  question  stands  on  a  hill,  and 
its  angle  of  elevation  at  A  is  15°,  shew  that  it  is  *866  of  a  mile 
higher  than  A. 

5.  If  in  Question  3  there  is  another  spire  D  such  that  the 
angles  DBA  and  DAB  are  45°  and  90°  respectively  and  the  angle 
DAG  is  45°;  prove  that  the  distance  from  G  to  D  is  2 J  miles 
very  nearly. 


QUESTIONS  SET  IN  THE  EXAMINATION  FOR 
THE  ADDITIONAL  SUBJECTS  OF  THE 
PREVIOUS  EXAMINATION  AT  CAMBRIDGE. 

I  A.     October,  1886. 

1.  Explain  the  measurement  of  angles  in  degrees,  minutes  and 
seconds. 

How  many  minutes  of  angle  does  the  hour  hand  of  a  watch  pass 
over  in  a  minute  of  time  ? 

2.  Shew  from  the  definitions  of  the  Trigonometrical  Functions 
that  sin2^  +  cot2;!  +  cosM  =  cosec2^. 

,  tan  A  +  sec  A  + 1     sec  A  + 1 
Prove  also  that 


EXAMINATION  PAPERS. 


83 


3.  Find  the  values  of  the  sine,  cosine  and  tangent  of  30°. 

In  a  triangle  ABC,  the  angle  G  is  a  right  angle,  the  angle  A  is  60°, 
and  the  length  of  the  perpendicular  let  fall  from  G  on  AB  is  20  feet  ; 
find  the  length  of  AB. 

4.  Trace  the  changes  in  sin  6  as  9  changes  from  0°  to  360°. 
If  sin  6  =  l/y/3  write  down  the  four  possible  values  of  sin  \Q. 

I  B.     October,  1886. 

1.  Explain  the  measurement  of  angles  in  degrees,  minutes  and 
seconds. 

How  many  seconds  of  angle  does  the  hour  hand  of  a  watch  pass 
over  in  a  second  of  time  ? 

2.  Shew  from  the  definitions  of  the  Trigonometrical  Functions 
that  sin2^  +  tanM  +  cos2^  =  sec2^. 

.  cot  A  +  cosec  A+l     cosec  A  +  l 
Prove  also  that  —  —  -  -  —  -  =  —          —  . 
cot  A  +  cosec  A  -I          cot  A 

3.  Find  the  values  of  the  sine,  cosine  and  tangent  of  60°. 

In  a  triangle  ABC,  the  angle  A  is  a  right  angle,  the  angle  C  is  30°, 
and  the  length  of  the  perpendicular  let  fall  from  A  on  BC  is  12  feet  ; 
find  the  length  of  BC. 

4.  Trace  the  changes  in  cos  9  as  6  changes  from  0°  to  360°. 
If  sin  0  =  ^/3,  write  down  the  four  possible  values  of  cos  \d. 

II  A.     December,  1886. 

1.    Define  the  secant  and  cotangent  of  an  angle  and  prove 
(i)     that  sec  6  cosec  0  =  tan  8  +  cot  6. 


that  cot2* 


+  sec2* 


2. 


. 

1  +  sin  0 

From  the  definitions  of  the  Trigonometrical  Functions  prove 


that  sinM  =  1  -  cos2^,  and  sin  A  tan  A  =  sec  A  -  cos  A. 
Prove  that  £  (cos«4  +  sin6^)  -  £  (cos2  A  -  sin2^)2  =  ^j. 

3.    Investigate  the  values  of  tan  45°  and  sin  60°. 
Two  adjacent  sides  of  a  parallelogram  are  of  lengths  15  and  24 
and  the  angle  between  them  is  60°  ;  find  the  lengths  of  both  diagonals. 

II  B.     December,  1886. 

1.    Define  the  tangent  and  cosecant  of  an  angle  and  prove 
(i)     that  sec2*  +  cosec2*  =  (tan  0  +  cot  *)2. 


2.    From  the  definitions  of  the  Trigonometrical  Functions  prove 
that  cos-  A  +  sin2  A  =  1,  and  cosec2^  tan2^  =  1  +  tan2^. 
Prove  that  4  (cos«4  +  sin6^)  -  3  (cos4^i  -  sin4J)2=  1. 

6—2 
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3.    Investigate  the  values  of  cot  45°  and  cos  30°. 
Two  adjacent  sides  of  a  parallelogram  are  of  lengths  18  and  25 
and  the  angle  between  them  is  120° ;  find  the  lengths  of  both  diagonals. 

Ill  A.    June,  1887. 

1.  Explain  the  mode  of  measuring  angles  in  degrees,  minutes 
and  seconds. 

Find  the  number  of  seconds  of  angle  through  which  the  earth 
revolves  about  its  axis  in  a  second  of  tune. 

2.  Define  the  sine  and  tangent  of  an  angle ;   shew  how  to  find 
the  sine  and  tangent  of  an  angle  whose  cosine  (m)  is  given. 

If  sin  A  =  tan  B  prove  that 

cos2^4  cos2.B  =  (cos  B  +  sin  B]  (cos  B  -  sin  B). 

3.  Find  the  values  of  sec  60°  and  of  sec  45°. 
Solve  the  equation  2  cosec  A  =  2  sin  A  +  cot  A. 

4.  Trace  the  changes  in  the  tangent  of  an  angle  as  the  angle 
changes  from  180°  to  270°. 

If  sin  6=  -  §  find  tan  0  •  explain  by  means  of  a  figure,  the  reason 
why  there  are  two  answers  to  this  question. 

Ill  B.    June,  1887. 

1.  Explain  the  mode  of  measuring  angles  in  degrees,  minutes 
and  seconds. 

Find  the  number  of  minutes  of  angle  through  which  the  earth 
revolves  about  its  axis  in  a  minute  of  time. 

2.  Define  the  cosine  and  cotangent  of  an  angle ;   shew  how  to 
find  the  cosine  and  tangent  of  an  angle  whose  sine  (m)  is  given. 

3.  Find  the  values  of  cosec  60°  and  cosec  45°. 
Solve  the  equation  2  sec  A  =  2  cos  A  +  tan  A. 

4.  Trace  the  changes  in  the  tangent  of  an  angle  as  the  angle 
changes  from  270°  to  360°. 

If  sin#=  -f,  find  tan0;   and  explain  by  means  of  a  figure  the 
reason  why  there  are  two  answers  to  the  question. 

IV  A.     October,  1887. 

1.  One  angle  of  a  triangle  contains  80°  12"45" ;  one  of  the  other 
angles  is  equal  to  twice  the  third  angle ;  find  the  other  two  angles. 

2.  Define  the  sW  and  tangent  of  an  angle  and  express  each  of 
them  in  terms  of  the  secant. 

Prove  that 
sec24  cosec2;!  -  tan2^)  (sec3^  cosec2.4  -  cot2^)  =  1+2  sec2^  cosecM. 

3.  Find  the  values  of  sin  60°,  cos  0°,  and  tan  90°. 
Find  a  value  of  x  if  sin  x°  +  cosec  cc°  =  f . 
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4.     Trace  the  changes  in  sign  and  magnitude  of  the  cosine  of  an 
angle  as  the  angle  increases  from  0°  to  180°. 

If  the  sine  of  an  angle  be  >  \  and  the  cosine  of  that  angle  be 

>     .  ,  between  what  limits  does  the  angle  lie  ? 
vj 

IV  B.     October,  1887. 

1.  One  angle  of  a  triangle  contains  46°  59' 12"  and  one  of  the 
other  angles  is  equal  to  three  times  the  third  angle;  find  the  other 
two  angles. 

2.  Define  the  cosine  and  cotangent  of  an  angle  and  express  each 
of  them  in  terms  of  the  cosecant. 

Prove  that  (sec24  +  tan24)  (cosec24  +  cot24)  =  1  +  2  sec24  cosec24. 

3.  Find  the  values  of  sin  30°,  sin  90°,  and  cot  0°. 
Find  a  value  of  x  when  cos  x°  +  sec  x°= f . 

4.  Trace  the  changes  in  sign  and  magnitude  of  the  sine  of  an 
angle  as  the  angle  increases  from  0°  to  180°. 

If  the  sine  of  an  angle  be  >  -7-  and  the  cosine  of  an  angle  be  >  £, 

v^ 
between  what  limits  does  the  angle  lie  ? 

V  A.    December,  1887. 

1.  Define  the  cosine  and  cosecant  of  an  angle,  and  find  the 
greatest  and  least  values  of  each  of  those  ratios. 

Express  each  of  those  ratios  in  terms  of  the  other. 

2.  Find  the  values  of  sin  45°,  sin  60°,  and  sin  90°. 
If  sin  (44  +  SB)  =  2  sin  (34  +  B)  =  1,  find  A  and  B. 

3.  What  is  meant  by  the  complement  of  an  angle  ? 

If  the  trigonometrical  ratios  of  an  angle  be  known  find  those  of 
the  complement. 

4.  Trace  the  changes  in  the  sign  and  magnitude  in  the  tangent 
of  an  angle  as  the  angle  increases  from  0°  to  180°. 

If  3  sin  A  +  2  cos  4  =  3,  find  the  value  of  tan  A. 

V  B.     December,  1887. 

1.     Define  the  sine  and  secant  of  an  angle,  and  find  the  greatest 
and  least  values  of  each  of  those  ratios. 

Express  each  of  those  ratios  in  terms  of  the  other. 

2      Find  the  values  of  cos  0°,  cos  30°,  cos  45°. 
If  cos  (44  -  35)  =  2  cos  (3 A  -B)  =  l,  find  A  and  B. 

3.  What  is  meant  by  the  supplement  of  an  angle? 

If  the  trigonometrical  ratios  of  an  angle  be  known  find  those  of 
its  supplement. 

4.  Trace  the  changes  in  the  sign  and  magnitude  of  the  cotangent 
of  an  angle  as  the  angle  increases  from  0°  to  180°. 

If  3  cos  A  +  2  sin  4  =  3,  find  the  value  of  cot  A. 
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VI  A.     June,  1888. 

1.  Define  the  tangent  and  cosecant  of  an  angle,  and  express  each 
of  them  in  terms  of  the  cosine. 

Prove  that  sec2  A  cosec2  A  =  sec2  A  +  cosec2  A  . 

2.  Arrange  in  order  of  magnitude  sin  17°,  cos  17°,  sec  17°  and 
cosec  17°  ;  proving  that  the  order  you  give  is  correct. 

Shew  that  there  is  an  angle  less  than  a  right  angle  whose  cosine 
is  equal  to  its  tangent.  Find  the  value  of  the  sine  of  this  angle  correct 
to  3  places  of  decimals. 

3.  Prove  that  sin  (180°  -  A)  =  sin  A  and  cos  (180°  -  A)  =  -  cos  A. 

4.  Trace  the  change  in  the  magnitude  and  sign  of  the  tangent  of 
an  angle  as  the  angle  varies  from  0°  to  180°. 

Find  all  the  angles  between  0°  and  1000°  which  satisfy  the  equation 

tan  «, 


VI  B.    June,  1888. 

1.  Define  the  cotangent  and  secant  of  an  angle,  and  express  each 
of  them  in  terms  of  the  sine. 

Prove  that  cot2  A  .  cos2-4  =  cotfA  -  cos2-4. 

2.  Arrange  in  order  of  magnitude  sin  57°,  cos  57°,  sec  57°  and 
cosec  57°,  proving  that  the  order  you  give  is  correct. 

Shew  that  there  is  an  angle  less  than  a  right  angle  whose  sine  is 
equal  to  its  cotangent.  Find  the  value  of  the  cosine  of  this  angle 
correct  to  3  places  of  decimals. 

3.  Prove  that  sin  (180°  +  A  )  =  -  sin  A  and  cos  (180°  +  A)  =  -  cos  A  . 

4.  Trace  the  changes  in  the  magnitude  and  sine  of  the  cotangent 
of  an  angle  as  the  angle  varies  from  0°  to  360°. 

Find  all  the  angles  between  0°  and  1000°  which  satisfy  the  equation 
cot  0=/3. 

5- 


VII  A.     October,  1888. 

1.  Define  the  tangent,  secant  and  cosecant  of  an  angle  ;   and 
from  your  definitions  prove  that 

sec  A  cosec  A  =  tan  A  +  cot  A  . 
Express  sec  A  in  terms  of  cosec  A. 

2.  Find  the  values  of  cos  45°,  tan  60°  and  cosec  0°. 

Write  down  all  the  values  of  A  between  500  and  1000  for  which 

sin  A°=  -J. 
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3.  Define  the  terms  complement  and  supplement  of  an  angle.    If 
a  be  the  complement  of  the  supplement  of  any  angle  and  /3  the  supple- 
ment of  the  complement  of  the  same  angle,  prove  that 

sin  a  =  -  sin  j3  and  tan  a  —  tan  p. 

4.  If  the  trigonometrical  ratios  of  an  angle  of  A°  be  known,  shew 
how  to  find  those  of  the  angle  (180°  +  A°). 

VII  B.     October,  1888. 

1.  Define  the  tangent,  secant,  cotangent  and  cosecant  of  an  angle 
and  from  your  definitions  prove  that 

tan  6  cosec20  =  tan  6  +  cot  0. 

2.  Find  the  values  of  sin  45°,  tan  30°  and  cosec  90°. 

Write  down  all  the  values  of  A  between  1000  and  1500  for  which 
sin  A°=  -i. 

3.  Define  the  terms  complement  and  supplement  of  an  angle. 

If  a  be  the  complement  of  the  supplement  of  an  angle  and  /S  the 
supplement  of  the  complement  of  the  same  angle  prove  that 
cos  a  =  -  cos  (3  and  cot  a  —  cot  /3. 

4.  If  the  trigonometrical  ratios  of  an  angle  of  A°  be  known,  shew 
how  to  find  those  of  the  angles  (90°  +  A°). 

VIII  A.    December,  1888. 

1.  There  are  two  equilateral  and  equiangular  polygons  one  of 
which  has  twice  as  many  sides  as  the  other  ;  each  angle  of  the  former 
is  one  half  as  large  again  as  an  angle  of  the  latter.    Find  the  number 
of  degrees  in  an  angle  of  each  polygon. 

2.  Define  the  tangent,  cotangent,  secant  and  cosecant  of  an  angle, 
and  prove  that  secM  cosecM  -  tan2^  -  cot2A  =  2. 

3  Trace  the  changes  in  sign  and  value  of  sec  .4  as  A  changes 
from  0°  to  360°. 

4,  Find  the  values  of  the  cosine  and  cotangent  of  120°  and  write 
down  all  the  values  from  0°  to  1000°  which  satisfy  the  equation 


5.    Find  in  each  case  the  least  positive  value  of  A  which  will 
satisfy  the  equations 

(i)     5  tan  4°  +  6  cot  4°=  11. 

(ii)    2  sin  (90°  +  A°)  sin  (90°  -  A°)  -  3  cos  (90°  +  A°)  cos  (90°  -  A°) 

VIII  B.     December,  1888. 

1.  There  are  two  equilateral  and  equiangular  polygons  one  of 
which  has  twice  as  many  angles  as  the  other  ;   each  angle  of  the 
former  is  one  third  as  large  again  as  an  angle  of  the  other.     Find  the 
number  of  degrees  in  an  angle  of  each  polygon. 

2.  Define  the   sine,  cosine,  tangent  and  cotangent  of  an  angle 
and  prove  that  tan  A  -  cot  A  =  (tan  ^4-1)  (cot  A  +  l). 
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3.  Trace  the  changes  in  sign  and  value  of  cosec  A°  as  A  changes 
from  0°  to  360°. 

4.  Find  the  values  of  the  sine  and  tangent  of  150°,  and  write 
down  all  values  of  0  between  0°  and  1000°  which  satisfy  the  equation 
cos20=f. 

5.  Find  in  each  case  the  least  positive  value  of  A  which  will 
satisfy  the  equations 

(i)     3  tan  A°  +  4  cot  A°  =  7. 

(ii)    3  sin  (90°  +  A°)  sin  (90°  -  A°)  +  2  cos  (90°  +  A°)  (cos  90°  -  A°)  =  If. 

IX  A.    June,  1889. 

1.  Explain  how  angles  are  measured  in  degrees,  minutes  and 
seconds. 

How  often  is  the  angle  1°4'  22"  contained  in  the  angle  28°  57'  54"? 

2.  Define  the  sine  and  tangent  of  an  angle,  and  explain  each  in 
terms  of  the  secant. 

Prove  the  relation 

(tan  A  +  cot  A  +  sec  A)  (tan  A  +  cot  A  -  sec  A )  - 1  =  cot2^. 

3.  What  is  the  measure  (in  degrees  etc.)  of  the  angle  contained 
by  the  hands  of  a  watch  at  a  quarter  past  two  o'clock  ? 

4.  Shew  how  to  construct  an  angle  whose  cosine  is  £.    Is  the 
angle  so  constructed  greater  or  less  than  30°  ? 

IX  B.    June,  1889. 

1.  How  often  does  the  angle  59° 44'  42"  contain  the  angle  2°  50'  42"  ? 

2.  Define  the  cosine  and  cotangent  of  an  angle,  and  express  each 
in  terms  of  the  cosecant. 

Prove  the  relation 
(tan  A  +  cot  A  +  cosec  A)  (tan  A  +  cot  A  -  cosec  A)  - 1  =  tan2^. 

3.  What  is  the  measure  (in  degrees  etc.)  of  the  angle  contained  by 
the  hands  of  a  watch  at  a  quarter  to  ten  o'clock  ? 

4.  Shew  how  to  construct  an  angle  whose  cotangent  is  £.    Is  the 
angle  so  constructed  greater  or  less  than  30°  ? 

X  A.     October,  1889. 

1.  Define  the  sine  and  cosine  of  an  angle. 
Find  values  of  0  which  satisfy  the  equation 

4cos20-8sin0  +  l  =  0. 

2.  Trace  the  changes  in  the  sign  and  magnitude  of  the  sine  of  an 
angle  as  the  angle  increases  from  0°  to  360°. 

Shew  that  the  acute  angle  whose  sine  is  -rr  lies  between  30°  and  45°. 

vd 

3.  Express  the  tangent  of  an  angle  in  terms  (i)  of  its  cosine  and 
(ii)  of  its  cosecant. 

If  tan  6  =  2,  find  cos  0  and  cosec  9. 
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4.  If  the  trigonometrical  ratios  be  known  for  the  angle  A°,  find 
those  for  the  angle  (180°  +  A°). 

Write  down  all  the  values  of  A  between  500  and  1000  for  which 
sin  A°=  -iv/3,  giving  in  each  case  the  corresponding  value  of  the 
cosine. 

X  B.     October,  1889. 

1.  Define  the  sine  and  cosine  of  an  angle. 
Find  values  of  6  which  satisfy  the  equation 

4  sin2  0  -  8  cos  6  + 1  =  0. 

2.  Trace  the  changes  in  the  sign  and  magnitude  of  the  cosine  of 
an  angle  as  the  angle  increases  from  0°  to  360°. 

Shew  that  the  acute  angle  whose  cosine  is  -r-  lies  between  45° 

>Jo 

and  60°. 

3.  Express  the  tangent  of  an  angle  in  terms  (i)  of  its  sine,  (ii)  of 
its  secant. 

If  tan  0=3,  find  sin  6  and  sec  6. 

4.  If  the  trigonometrical  ratios  are  known  for  the  angle  A°,  find 
those  for  the  angle  (90° +  4°). 

Write  down  all  the  values  of  A  between  500  and  1000  for  which 
cos  A°=  -^>J3,  giving  in  each  case  the  corresponding  value  of  the 
sine. 

XI  A.    December,  1889. 

1.  Shew  that  the  times  required  by  the  minute  and  hour  hands 
of  a  watch  to  turn  through  an  angle  of  one  degree  are  10  seconds 
and  2  minutes  respectively. 

Find  the  angle  between  the  hands  of  a  watch  at  four  minutes  to 
two  o'clock. 

2.  Explain  how  angles  are  measured. 

Find  the  measures  of  the  three  angles  of  an  isosceles  triangle  in 
which  each  of  the  two  equal  angles  is  one  fourth  of  the  third  angle. 

3.  Find  the  values  of  sec  30°  and  cot  45°. 

Find  values  of  tan  6  and  sec  9  which  satisfy  the  equation 
3(sec0-tan0)  =  2. 

4.  Express  the  trigonometrical  ratios  of  the  angle  (90° -0)  in 
terms  of  those  of  the  angle  0. 

Prove  the  relation  cosec60  -  cot60=  1  +  3  cosec20  cot20. 

XI  B.    December,  1889. 

1.  Shew  that  the  angles  turned  per  minute  by  the  hour  and 
minute  hand  of  a  watch  are  respectively  30  minutes  and  6  degrees. 

Find  the  angle  between  the  hands  of  a  watch  at  five  minutes  past 
ten  o'clock. 


90 
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2.  Find  the  measures  of  the  three  angles  of  an  isosceles  triangle 
in  which  each  of  the  two  equal  angles  is  four  times  the  third  angle. 

3.  Find  the  values  of  sec  60°  and  tan  45°. 

Find  values  of  tan  6  and  sin  6  which  satisfy  the  equation 
5(sec0-tan0)  =  l. 

4.  Express  the  trigonometrical  ratios  of  the  angle  (90° +  0)  in 
terms  of  those  of  the  angle  6. 

Prove  the  relation  sec60  -  tan6  6  =  1  +  3  sec20  tan20. 


XII  A.    June,  1890. 

1.  Define  the  cosecant  of  an  angle  and  prove  the  formula 

cosecM  =cot2.4  + 1. 

If  the  slope  of  a  hill  be  a  rise  of  1  in  25,  find  to  3  decimal  places, 
the  secant,  cosecant  and  tangent  of  its  inclination  to  the  horizon. 

2.  Trace  the  changes  in  the  sign  and  magnitude  of  the  sine  of  an 
angle  as  the  angle  increases  from  0°  to  360°. 

Find  the  angles  in  the  second  quadrant  whose  sines  are  the  same 
as  those  of  833°  and  1235°  respectively. 

3.  Express  the  tangent  of  an  angle  in  terms  of  the  sine. 
Prove  that  2  sec2J  =  1  +  secM  -  tan4 A. 

4.  Prove  that  in  any  angle  ABC 

AC2=AB2  +  BC2  -  2AB  .  BG  .  cos  ABC. 

In  a  triangle  two  sides  are  10  feet  and  17  feet  respectively  and  the 
angle  between  these  two  sides  is  30° ;  find  the  length  of  the  remaining 
side. 

XII  B.     June,  1890. 
1.     Define  the  sine  of  an  angle  and  prove  that 


If  the  slope  of  a  hill  be  a  rise  of  1  in  20,  find  to  3  places  of 
decimals  the  secant,  cosecant  and  tangent  of  its  inclination  to  the 
horizon. 

2.  Trace  the  changes  in  the  sign  and  magnitude  of  cos  A°  as  A 
changes  from  0°  to  360°. 

Find  the  acute  angles  whose  cosines  are  the  same  as  1113°  and 
762°  respectively. 

3.  Express  the  cotangent  in  terms  of  the  cosine. 
Prove  that  2  cosecM  =  1  +  cosec4^  -  cot4  A. 

4.  Prove  that  in  any  triangle  the  sides  are  proportional  to  the 
sines  of  the  angles  opposite  them. 

In  a  given  triangle  one  side  is  4  feet,  the  angle  opposite  to  it  is  45° 
and  one  of  the  angles  adjacent  to  it  is  30° ;  find  the  smallest  side  of 
the  triangle. 


ANSWERS  TO  THE  EXAMPLES. 

II.  Page  5. 

1.  -09175  of  a  right  angle =9*  IT  50". 

2.  '0675  „  =6e75\ 

3.  1-07875  „  =107887' 50". 

4.  -180429012345679  =  18«  4'  29" ,  etc. 

5.  1-467  „  =146e  77' 77-7". 

6.  '54  „  =54s  44' 44 4". 

7.  1°14'15".                8.  7°  52' 30".  9.     153°  24' 29-34". 
10.  21°  36' 8-1".           11.  16°  12'  37-26".           12.     31°  30'. 

III.  Page  7. 

1.     +6.  2.    0.  3.     +  2.  4.     +3. 

5.     +10.          6.    0.  7.     +7.  8.     +7. 

IV.    Pages  15,  16. 

1.  (i)     DA,  BD.      (ii)  DB,  AD.      (iii)   DA,  CD.      (iv)   DC,  AD. 

DB  ,'    DC  .     CD  .  DA  .    DB 

2.  (i)      -^.         (u)  -=j.        (111)    — .        (iv)  ^-.        (v)   — . 

.Ax)  G.4  -d.x/  -D.dL  jli> 

DC  %    CD  ..  D;f  ..  ,  BD  ,  .    D^ 

(»)     jf,.        (vn)    a-        (TO.)-ci.          (.K)^.  W   m. 

DB     RA    '  CD      CB_  ...    DB     B^4 

^'     '  '    CB'    CZ'  L'   CB'    CJ'  ^    CD'    CB* 

.  ,     DB     BC  AD     AB  DB     EG 

(1V)    IB'  Ic'        r)  IB'  Ic'      (V1)  ID'  IB" 

DA  ..    BA        AC  ...     DC          ,.      AB 

AD        AB  BD  DB  BA          ^AE 

DA  .       BA        AC  DC  ..    DB        BC 

BI)  EJ3        ffi A  .BD  j4x>        ^3.0 

,    BE 
'">    IE' 
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IV. 


5.     sin  A=%,  cos  A  =  $,  tan  A=%;  sinB=f,  cos  JB  =  f, 

7.  Of  the  smaller  angle,  the  sine  =  T57,  cosine  =  $f,  tangent  =  TV 
Of  the  larger  angle,  the  sine=£f,  cosine  =  3^,  tangent  =  V- 

/o  1 

8.  Of  the  smaller  angle,  the  sine  =  £,  cosine  =  ^—  ,  tangent  =  -^ 

2  o 

/3 
"- 


Of  the  larger  angle,  the  sine="-,  cosine  =  J,  tangent  = 


179  ft. 
138 -5  ft. 


VI.    Page  25. 
2.    346ft. 
5.    63-17  yds. 

VIII.     Page  33. 


3.    86-6  ft. 
6.    34-15  ft. 


cos  A 


2. 


4.     sin  A  — 


cosec  A 
cot  ^4  =  ^/cosec2^!-!,  sec  A  = 


cosec2  A 

cosec  A 


6. 


,cotA  =  — 

fo"J 


tan  A 


ANSWERS. 

IX.    Page  34. 

1.  i,*. 

2"     *£;    2^2-                     3"    *•*' 

1        fJ15 
4<     ^15'    ~4T' 

,      v/3                                           ^5    . 

5.    -jj-  >  4-                        6.    ^-  ,  i  . 

b 

Q                         a                                    ^ 
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Q       V«  -1  1 

Ul       "fl -7^?-  11-     fc2(l  +  *2)  =  l. 


XI.    Page  39. 

1.    The  second.  2.    The  fourth.  3.    The  second. 

4.    The  third.  5.    The  fourth.  6.    The  first. 

7.    The  second.  8.    The  first.  9.    The  first. 

10.     The  fourth.          H.     The  fourth. 

12.  The  first,  if  n  be  even,  the  third,  if  n  he  odd. 

XII.  Page  41. 

1.  +,  +,  +.  2.  +,  -,  -.  3.  -,  -,  +. 

4.  -,  +,  -•  5.  -,  +,  -.  6.  -,  -,  +  . 

7.  +,   -,  -.  8.  +,  +,  +•  9.  +,  +,  +. 

10.  +,  +,  +•  11.  +  ,  -,  -•  12.  -,  +,  -. 

XIII.  Page  43. 

!.    +1,    -^,     -L.  2.    +^,     -jj,      -1. 

/Q  /O  "I 

3vj>    _i       /R          /i_i4.y 
•         "I      cy~  >  2>  V  *•  *'          ""     O     '          ~      /Q  * 

^  \/o 

11  v/3 

7-  -1  -L  **•   8. 4-  -^' +i- 

\  —     \  —  \  -     \  - 

nV                   i                 /Q                     TO             V  i    i  /q 

.        ~  -Q-  ,        ~  2>          '   V  -«-^< O~  '        """  2>  V 

13.  +1,     +Ji,     +1.  14.    ^-3,     -^     -js. 

,,  -s/3  1 

15.     -i,     -g-,     +-/3- 
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XIV.    Page  46. 

Each  of  these  expressions  changes  continuously  as  the  angle  A 
increases  from  0°  to  360°,  and  their  values  are  repeated  at  each  con- 
plete  revolution  of  the  revolving  line. 

Their  values  are  given  below  when  they  are  zero  and  when  they 
cease  to  increase  and  begin  to  decrease,  and  vice  versa.  The  first 
table  gives  also  the  sign  of  each  between  the  values. 


0° 

90° 

180° 

270°! 

1.    cos  A 

+  1 

+ 

0 

_ 

_1 

_ 

0 

+ 

2.     tan  A 

0 

-f 

00 

- 

0 

-f 

00 

- 

3.    cot  A 

CO 

-1- 

0 

_ 

00 

-}- 

0 

— 

4.     sec  A 

+  1 

_J. 

00 

_ 

-1 

_ 

00 

.J. 

5.    cosec  A 

00 

+ 

+1 

+ 

00 

_ 

-1 

_ 

6.     1  -  sin  A 

+1 

+ 

0 

-J- 

+  1 

-l_ 

0 

_)_ 

7.    sin2  A 

0 

+ 

+1 

+ 

0 

+ 

+  1 

+ 

0° 

45° 

90° 

135° 

180° 

225° 

270° 

315° 

8.    sin  ^[  .  cos  A 

0 

+  i 

0 

_£ 

0 

+  4 

0 

-4 

9.     sin  A  +cos  ^4 

+  1 

+  1 

0 

-1 

—  \/2 

-1 

0 

10.    tan  A  +  Got  A 

00 

++2 

00 

-2 

00 

+  2 

00 

-2 

11.  •  sin  .4  -  cos  A 

-1 

0 

+1 

+  v/2 

+1 

0 

-1 

-v/2 

The  following  figures  exhibit  the  changes  in  the  sign  and  magni- 
tude of  sin  6  (fig.  i),  cos  6  (fig.  ii.),  and  tan  6  (fig.  iii.).  The  measure 
of  the  distance  from  0  along  the  line  OX  =  the  circular  measure  of  the 
angle ;  the  vertical  distance  from  OX  measures  the  Ratio. 

Fig.  i.     The  Curve  of  the  Sine. 


*' 

/fl 

3 

7T 

f 

^~ 

5f 

-1 

ly 

0 

IT 
2 

V 

2 

2TT 

X 

Fig.  ii.     The  Curve  of  the  Cosine. 
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V 

ANSWERS. 
Fig.  iii.     The  Curve  of  the  Tangent. 
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XV.    Page  48. 

1.  (i)  30°,  150°,   -210°,    -330°.     (ii)  45°,  135°,   -225°,   -315°. 
'  (iii)  60°,  120°,   -240°,    -300°.    (iv)  -30°,    -150°,  210°,  330°. 

2.  (i)  20°,   160°,  380°,  520°.       (ii)  ^ ,   ^,   ^,   ^ . 

..  8*r      137T      227r      277T 


3.     (i)  0  = 


(ii)  e=mr  +  (-l)n-^. 


(iii)  mr  db  -  . 

XVI.    Pages  51,  52. 

(iv)  8=mr-^Tr.  (v)  0=2mrJ=%Tr.  (vi)  d  =  mr  +  %ir. 
3.  The  tangent.     4.  No. 

5.  (i)  60°,  -60°,  300°,  -300°.  (ii)  45°,  225°,  405°,  -135°. 
(iii)  -45°,  -225°,  135°,  315°.  (iv)  -60°,  -240°,  120°,  300°. 
(v)  144°,  -144°,  216°,  -216°.  (vi)  135°,  -45°,  -225°,  315°. 

XX.  Page  64. 

In  the  following  answers  n  stands  for  '  any  whole  number.' 
1.     (a)   45°,       (b)   7ixl80°+  (-1)M5°.  2.     (a)  ±30°, 

(b)  nx!80°±30°.         3.     («)  45°;  or,  135°,       (b)  nx!80°±45°. 
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XX. 

4.     (a)    ±60°,       (b)   nxISO0  ±60°.  5.     (a)    ±30°, 

(b)   wxISO0 ±30°.  6.     (a)    ±30°,       (b)   7ixl80°±30°. 

7.  (a)   30°,       (6)  7i  x  180°  + (-1)*  30°.  8.     (a)   0;or,  45°, 
(b)   71x180°;  or,  7ix360°±45°.                      9.     (a)   90°;  or,  60°, 
(6)    (2n  +  l)x90°;  or,  7ixl80°  +  (-l)»60°.  10.     (a)    ±60°, 
(b)  7ixl80°  ±60°.                       11.    (a)   45°,       (b)  7ixl80°  +  45°; 
or  n  x  180°  + the  angle  whose  tangent  is  3.  12.     (a)    45°, 
(b)  7ixl80°  +  45°.        13.     (a)   90°;  or,  45°,       (b)   (2w+l)x90°; 
or,  27ixl80°  ±45°.                  14.     (a)    -90°,     (6)   2n  x  180°  -  90°  ; 
or,  n  x  180°  +  ( -  l)n  x  an  angle  whose  sine  is  J.        15.     (a)    ±  45°, 
(b)  71x180°  ±45°.              16.     (a)   45°,       (6)   nx  180°+  (- 1)«45°. 

17.  (a)   30°,       (6)   2nxl80°±30°. 

18.  (a)   30°,       (&)  nxl80°  +  (-l)"30°. 

XXVII.    Pages  78,  79. 

1.  cos  4  =  4,  0084-4  =  ^/3.            2.    45°,   60°,    75°. 

3.  135°,    30°,    15°.      4.     3.      5.     14.       6.     l  +  N/3.       7.     120°. 

8.  120°.    9.  120°.     10.  90°,  36°  52'.     11.  130°  27'.     12.  125°  6'. 
13.  120°.       14.    4  =  54°  or  126°,    5  =  108°  or  36°.       15.    a  =  l. 
16.  (7=30°,   0=^3  +  1,   6  =  2.             17.    4  =  75°,   o  =  &=N/3  +  l. 
18.  0=60°  or  120°.                    19.    100^3.                     20.    No. 
22.  4  =  105°,   (7=60°,  J3  =  15°.                            23. 

24.    4  =  90°  or  60°,   0=75°  or  105°,   a =2^/2  or  ^6."      25. 
or  150°.       26.    4  =  45°  or  135°,   £  =  30°  or  120°,  6=^2(1  +  , 
or  ^6(1+^/3).        27.    60°,  75°,    6yds.        28.    It  is  impossible. 
30.    15:8^/3:4^/5  +  6. 


HINTS   AND   ANSWERS   TO   EXAMINATION 
PAPERS. 


I  A.  Oct.  86.     1.  *V  o 

MP2     OM2     OM2 


of  360x60' =  30'. 
OM* 


OP2 


2. 

ply  each  fraction  in  the  second  part  by  cos  4  and  we  have  to  prove  that 

sin  4  + 1  +  cos  4      1  +  cos  4       ...   . 

- — ; — ; T  =  — ; ,  which  is  true  if,  sin2  4  +  sin  4(1  +  cos  4) 

sm  4  + 1  -  cos  4         sm  4 

=  sin  4(1  +  cos  4)  + 1  -  cos2  4.      3.   In  fig-  on  p.  19  draw  MD  perpen- 
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dicular  to  OP  then  MD  =  2Q  ft.  .-.  PM=4Q  ft.  and  OP  =40  ft.  x  -.  - 

v^ 

=  40.  x  ^3  =  46-18...  ft.  and  OP  -A  B  in  question.  4.  When  sin  0  =  ^3 
then  0=wxl80°  +  (-l)n60°  .-.  0  =  60°;  or,  120°;  or,  360°  +  60°  or 
540°  -60°  .-.44  =  30°;  or,  60°;  or,  210°;  or,  240°  etc.  /.  sin  £0=4; 
or,  %J3;  or,  -£;  or,  ~W3- 

IB.  Oct.  86.     1.30".  3.   £  of  24  XN/3  =  13-856. 

4.   ±W».  ±4- 

TT     A        ^  On  1          /-X      °P  OP          J^+OM2          MP          OAf 

II  A.  Dec.  86.   1.  W  ^p*  OM=  MP,OM  =  OM  +  MP' 

(ii)  the  exp.  multiplied  by  cos2  0(1+  sin  0)  (1  +  see  0)  is  sin2  0  (sec2  0-1) 


^O.      2.  . 

=  91L  -  ^  =  sec  A  -  cos  4  .    (ii)  The  left  hand  exp.  is  J(sin24  +  cos24  ) 

(cos4  A  -  cos2  A  sin2  A  +  sin4  4)  -  J  {  (cos4  A  +  sin4  4)  -  2  sin2  4  cos2  A  } 
=  (*  -  i)  (cos4  4  +  sin4  4)  +  (4  -  4)  sin2  A  cos2  4  =  ^  (cos4  4  +  sin4  4 
+  2  sin2  4  cos2  A)  =  &  (sin2  4  +  cos2  A)  2.  3.  (One  diagonal)2  =  152  +  24* 
-  2  x  15  x  24  cos  60°  [Art.  911  =  225  +  596  -  360  =  441  =  (21)2  the  (other 
diagonal)2  =  152  +  242  -  2  x  15  x  24  cos  120°  =  1161  =  (33-9.  .  .)2. 

II  B.  Dec.  86.    4.  v/499,  ^1399. 

III  A.  June  87.   1.  ^  x  ^  x  ^  x  360  x  60  x  «r  =  15". 

2.  sin4zzv/(l-cos24)=x/(l-m2);  tan4  =  ^^.    We  have  to 

prove  that  (1-  tan2  B)  cos2  B=  cos2  B-  sin2  B.  3.  2  =  2  sin2  4  +  cos  4; 
or,  cos  A  (1  -  2  cos  A)  =  0  /.  cos  A  =  0  ;  or,  cos  A  =  \  :.  A  =  any  odd 
multiple  of  90°;  or  2n  x  180°  ±  60°.  -  4.  See  fig.  Art.  67.  The 
tangents  of  the  angles  of  the  figure  are  equal  in  magnitude  but  of 
opposite  sign. 

III  B.  June  87.   1.15'.    2.  cos  A=  ^(1-w2);  tan  A  =m(Jl  -m2). 

3.  A  =  n  x  180°  ;  or,  n  x  180°  +  (  -  l)n  30°. 

IV  A.  Oct.  87.     1.   Let  tne  second  and  third  angles  be  x  and  2x 
respectively,  then  z  +  2:c  +  80012'45"  =  1800,  whence  x  =  33°.  15'  .  45". 
2.   sin0  =  v/(l-cos20)  =  v/{l-l/sec20};  tan  0  =  sin0/cos  0 

=  N/{1  -  I/sec2  0}  sec  0.  Multiplying  both  sides  of  proposed  identity 
by  sin4  0  cos4  0,  we  have  to  prove  that  (1  -  sin4  0)  (1  -  cos4  0)  =  sin4  0  cos4  0 
+  2  sin2  0  cos2  0  ;  or  that  cos2  0(1  +  sin2  0)  sin2  0  (1  +  cos2  0)  =  sin2  0  cos2  0 
(2  +  sin2  0  cos2  0)  which  is  true.  3.  sin2  x°  +  1  =  f  sin  x°  ;  or 

7 

L.  T.  A. 
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(sin  x°  -  -J  )2  -  ;&=  0  ;  or  (sins0  -  £)  (sin  x°  -  2)  =  0  ;  .-.  sin  x°  =  %  ;  x°  =  30°. 
4.  The  angle  whose  sine  is  >J  must  lie  between  wx360°+30°  and 
nx  360°  +  120°.  The  angle  whose  cosine  is  >£*/2  mus*  lie  between 
«x360°-45°  and  nx360°  +  45°  .-.  the  required  angle  lies  between 
n  x  360°  +  45°  and  n  x  360°  +  60°. 

IV  B.  Oct.  87.     1.   33°.  15'.  12";  99°.  45'.  36".         3.    60°. 
4.  between  n  x  360°  +  45°  and  n  x  360°  +  60°. 

V  A.  Dec.  87.  1.  The  cosine  lies  between  +  1  and  -  1;  the  cosecant 
between  -  oo  and  -  1  and  between  +  1  and  +  <x>  ;  cos  0  =  ^/(l  -  1/cosec2  6); 
cosec  e=llJ(l  -  cos2  0).  2.  sin  (44  +  3B)  =  1  and  sin  (34  +  £)=$ 

.-.  44  +  3JB  =  90°  and  34  x  B  =  30°  .'.  4  =  0°  and  B  =  30°  ;  [or,  generally, 
44  +  3JS  =  (2n+l)90°;  34+B=nx  180°  +  (-l)»30°].  3.  See 

Art.  77.  4.  3tan4  +  2  =  3sec4  .-.  9tan24  +  12tan4  +4  =  9sec24 

=  9  +  9  tan2  A  .-.  [tan  A  =  oo  ;  or,]  tan  A  =  TV 

V  B.  Dec.  87.     2.  A  =  36°  ;  B  =  48°.     4.  cot  4  =  oo  ;  or,  cot  A  =  TV 

VI  A.  June  88.     1.    Multiply  both  sides  by  sin2;0  cos2  0. 

2.  cos  17°  >  sin  17°  for  sin  45°  =  cos  45°  and  as  the  angle  diminishes 
the  sine  diminishes  while  the  cosine  increases  ;  hence  also  sec  17° 
<  cosec  17°  and  all  secants  and  all  cosecants  are  greater  than  1,  while 
all  sines  and  all  cosines  are  less  than  1.  Hence  the  order  is 
cosec  17°  >  sec  17°  >  cos  17°  >  sin  17°.  As  an  angle  6  increases  from  0 
to  90°,  cos  6  diminishes  continuously  from  1  to  0  and  tan  0  in- 
creases continuously  from  0  to  oo  ;  tan0  =  cos0;  .-.  sin  0  =  1-  sin2  0 
.:  sin  0=^5-i  =  i  (2-236..  .)  --5  =  -618....  3.  sin  (180°  -  A)  =  sin 
(90°  +  900-4)  =  cos(90°-4)=sin4.  4.  0=nx  180°  +  30°v.  0=30°, 
210°,  390°,  570°,  750°,  930°.  5.  sin  a  =  ^2  sin  /3  ;  ^2  cos  ft  =J3  cos  a  ; 
/.  sin2  a  =  2  (1  -  |  cos2  a)  /.  sin2  a  =  £  ;  .-.  sin  a  =  ^2  ;  sin  /S  =  £  ; 
/.  a  =  45°;  /S=30°. 

VI  B.  June  88.  2.  sec  57°  >  cosec  57°  >  sin  57°  >  cos  57°  ;  -618.  .  . 
4.  30°,  210°,  390°,  570°,  750°,  930°.  5.  a  =  45°;  /3  =  30°. 


,     OP      OP      OM2  +  MP2      OM     MP 
VIIA.  Oct.88.    1.  OMXMP=-OM^MP=MP+OM' 
=  cosec  ^/^(cosec2  A  -1).      2.   A°  =  nx  180°  +  (-  1)»  (-  60°)  ;  A  =  600°, 
660°,   960°.  3.   a  =  90°  -(180°  -A)  =  A  -90°,  /3  =  180°-  (90°  -A) 

=  90°  +  4  /.  a  +  180°=j3;  .'.  sin  /3—  sin  (180°  +  a)  =  cos  (90°  +  a)-  -sina 
tan  /3  =  tan  (180°  +  a)  =tan  a  ;  by  fig.  on  page  50. 
VII  B.  Oct.  88.     2.   1020°,  1260°,  1320°. 
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VIII  A.  Dec.  88.  1.  Let  the  number  of  sides  be  2n  and  w;  the 
angles  are  (2n  x  180°  -  360°)  J2n  and(w  x  180°  -  360°)/w  /.  2n  x  180°  -  360° 
=  3  (n  x  180°  -  360°)  .-.  w=4  .-.  the  angles  are  90°  and  135°.  2.  The 
left  hand  exp.  =  (l  -  sin4  J.  -  cos4^)/sin2^  cos2^  =  {(sinM  +  cosM)2 

-  sin4  A  -  cos4  A  }  /sin2  A  cos8  A  =  2  sin2  A  .  cos2  A  /sin2  ^  cos2  A  =  2. 

4.  -i,   -W3-     Here>  sin  0=±W3   •'•  0  =  wxl80°±60°;  60°,  120°, 
240°,  300°,  420°,  480°,  600°,  660°,  780°,  840°,  960°. 

5.  (i)5tan2^°  +  6  =  lltan^0;or(5tan^0-6)(tan4°-l)=0  .'.  4  =  45°. 
(ii)  2cos2^0  +  3sin2^°=V-  •'•  sina^°  =  |  .-.  ^4  =  60. 

VIII  B.  Dec.  88.    1.  108°,  144°.       4.  +i, -1W»-    30°,  150°, 

210°,  330°,  390°,  510°,  570°,  690°,  750°,  870°,  930°.     5.  (i)  45.   (ii)  60. 

IX  A.  June  89.  1.  (28°.57'.  54")/(l°.4'.  22")  =  (14°.28'.57")/(32'.  11") 
=  52137"/1931"=27.  2.    The  left  hand  exp.  =  (tan  A  +  cot  A)2 

-  sec2  A  -1=  tan2  A  +  2  +  cotM  -  sec2 .4  -  1  =  (tan2  A  +  1)  -  sec3  4 
+  cot2  A=  cot2  A.        3.  At  2  o'clock  the  hour  hand  is  60°  past  12  ; 
at  a  quarter  past  two  it  is  60° +  £  of  T\  of  360°=67J°.    At  a  quarter 
past  two  the  minute  hand  is  90°  past  12  /.  the  angle  between  them  is 
22i°.        4.  |  ='875;  cos  30°  =  JV3='866--  5  the  cosine  diminishes  as 
the  angle  increases,  /.  this  angle  is<30°. 

IX  B.  June  89.    1.  21.        3.  22£°.        4.  less. 

X  A.  Oct.  89. 

=  Oor(2sin0-l)(2sm0  +  5)  =  0  .-.  sin0=|; 
2.  V3  =  <577...;  cos45°=K/2='707...; 
cos  60°  =  -5   and  cos  0   diminishes  as   6  increases.  3.   tan0 

=  ^(1  -  cos2  0)/cos  0=l/v/(cosec20  - 1)  cos  0  =  1/^(1  +  tan2  0)  =  l+J5 ; 
cosec 6 = V(l  +  tan2 6} /tan  ^  =  ^5.  4.  sin  (180°  +  ^)=  -sin  A  ; 

cos(180°  +  yl)= -cos^,  tan(1800  +  4)  =  tan4;  when  sin  4°  =-^3 
A  =  n  x  180  +  (-  l)n  (-  60).  Hence  A  =  600,  cos  600°  =  -  \  ;  660, 
cos  660°  =  \ ;  960,  cos  960°=  -J. 

XB.  Oct.  89.     1.  wx360°±30°.  3.   tan0=8in0/(l-sin20) 

^(sec2  0-1).  4.   510,  sin  510° =i  ;  570,  sin  570°=  -  $ ;  870, 

sin8700  =  £;  930,  sin  930°=-  J. 

XI  A.  Dec.  89.    1.  (i)  The  times  are  ^  of  60  x  60" ;  or  10"  and 
•sfa  of  12  x  60';  or  2'.     (ii)  The  minute  hand  is  -fa  of  360°  to  12  =  24° 
to  12 ;  the  hour  hand  is  ($$  of  360°  -  TV  of  A  of  360°)  Past  12  or  58°  Past 
12.   .-.  the  angle  is  (24° +  58°).      2.  Let  the  equal  angles  each  contain 
.r°  then  x°  +  x°  +  4x°  =  l80°  .'.  x  =  30;  the  angles  are  30°,  30°  and  120°. 
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3.  9  sec2  0  =  4  +  12  tan  0  +  9tan20;  or,  tan  &  = 

4.  sin  (90°  -  6)  =  cos  $  ;    cos  (90°  -6)  =  sin  6,   tan  (90°  -  0)  =  cot  0. 
cosec6  0  -  cot6  0  =  (cosec2  0  -  cot2  6)  (cot4  0  +  cosec2  0  cot2  0  +  cot4  6) 
=  (cosec2  6  -  cot2  0)2  +  3  cosec2  0  cot2  0  =  1  +  3  cosec2  0  cot2  0,    because 
cosec2  0-  cot2  0  =  1. 

XI  B.  Dec.  89.    1.  90°  -24°.    2.  80°,  80°,  20°.    3.  tan0=-V2-; 
sec  0  =  J^.  4.    sin  (90°  +  0)  =  cos  0  ;    cos  (90°  +  0)  =  -  sin  0  ; 
tan  (90°  +  0)=  -cot0. 

XII  A.  June  90.    1.  When  the  hypotenuse  is  25  and  the  perpen- 
dicular 1,  the  base  is  x/(252  -  1)  =  ^624  =  24-98.  .  .    Hence  the  secant  is 

25  1 

=  1-0008.     The  cosecant  is  ^  =  -04.     The  tangent  is 


=  •040....  2.   833°  =  2  x  360°  +  113°.     The  required  angle  is 

1  13°  ;  1235°  =  3  x  360°  +  227°  =  3  x  360°  +  180°  +  47°  and  .-.  sin  1235° 
=  sin  (180°  +  47°)  =  -  sin  (180°  -  47°).  3.  sec4  A  -  tan4  A  +  l  =  sec4  A 
-(sec2  4  -I)2  +  1  =  2  sec2  A  4.  =v/(172  +  102-2x  lOx  17xcos30°) 
=v/(389-  170  xx/3)=v/(389-170x  1-7320..  .)=V94  '56  =  9-7.... 

XII  B.June  90.     1.   sec  =  1-0015...  cosec  =  -05,  tan  =  -050... 
2.  cos  15°  =  -  cos  1113°  cos  60°  =  cos  762°.        4.   2J2  feet. 
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OPINIONS  OF  THE  PRESS. 

The  Atheneeum  says: — "Mr.  Lock  may  certainly  be  congratulated  on 
realizing  the  hope  expressed  in  his  preface,  for  his  text-book  is  '  at  once 
simple  and  scientific.'  The  most  praiseworthy  feature  of  the  work — a  feature 
distinguishing  it  from  the  oppressive  crowd  of  arithmetics  in  common  use — 
is  the  general  absence  of  so-called  rules.  These  '  rules  '  are  undoubtedly  the 
bane  of  text-book  writers,  and  are  a  serious  obstacle  to  intelligent  teaching. 
Certain  fundamental  definitions  are  given,  and  then  the  first  four  rules  are 
explained  and  taught  for  numbers  and  compound  quantities.  These  four 
rules  being  once  mastered  and  the  '  continuity '  of  our  system  of  arithmetical 
notation  being  admitted,  the  use  of  the  old-fashioned  rules,  so  far  as  calcula- 
tions not  involving  vulgar  fractions  are  concerned,  is  gone.  Vulgar  fractions, 
their  nature  and  uses,  are  clearly  presented  to  the  student,  and  in  the  chapter 
devoted  to  them  the  only  thing  to  which  exception  can  be  taken  is  the  defini. 
tion  of  a  fraction,  which  may  perplex  many  readers,  and  cannot  possibly 
assist  any.  The  more  advanced  parts  of  the  subject  follow  naturally  and 
logically  as  amplifications  and  applications  of  what  has  preceded  them,  and 
are  judiciously  grouped  around  problems  of  like  kind.  This  arrangement  is 
most  commendable  and  greatly  facilitates  the  study  of  the  subject.  .  .  .  The 
chapter  on  approximation  is  thoroughly  well  put,  most  useful  and  interesting. 
Those  on  problems,  interest,  proportion,  evolution,  scales  of  notation,  &c., 
will  amply  repay  the  student  for  time  and  attention  expended  on  them.  In 
calculations  in  the  old  '  rule  of  three '  Mr.  Lock  adopts  the  unitary  method, 
but  wisely  uses  it  '  rather  as  a  stepping-stone  to  the  more  complete  under- 
standing of  the  fundamental  idea  of  ratio  than  as  a  completely  satisfactory 
method  for  the  solution  of  problems '." 
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The  Cambridge  Review  says: — "This  volume  is  uniform  with  the 
Elementary  Trigonometry  by  the  same  author,  and  therefore  demands  the 
attention  of  all  engaged  in  teaching  the  elements  of  mathematics.  .  .  .  Those 
who  know  their  subject  and  rightly  prefer  to  give  their  own  bookwork  will 
find  in  it  examples  on  every  division  of  the  subject,  which  are  numerous  and 
free  from  the  attendant  curses  of  rules  and  formula^  and  are  backed  up  by  a 
series  of  1000  miscellaneous  examples  graduated  so  as  to  form  short  papers 
of  seven  questions  each  and  covering  a  widening  range.  Those  who  only 
have  a  common  sense,  which  has  not  been  mathematically  trained,  to  fall 
back  upon,  will  find  the  bookwork  well  worth  their  own  study,  and  safe  also 
for  their  pupils,  because  there  are  none  of  those  absurd  or  faddy  methods 
employed  in  the  worked- out  examples  which  mar  so  many  good  arithmetics." 

The  Academy  says: — "Arithmetic  for  Schools,  by  the  Eev.  J.  B.  Lock 
(Macmillan),  is  another  of  those  works,  of  which  we  have  before  noticed 
excellent  examples,  written  by  men  who  have  acquired  their  power  of  pre- 
senting mathematical  subjects  in  a  clear  light  to  boys  by  actual  teaching 
experience  in  schools.  Of  all  the  works  which  our  author  has  now  written, 
we  are  inclined  to  think  this  the  best — naturally  vires  acquirit  eundo." 

Iron  says : — "  This  is  a  good  book,  highly  scientific,  with  a  quite  modern 
air  of  disregarding  the  traditional  arrangement  of  the  subject.  The  central 
idea  is  that  arithmetic  treats  of  quantity  expressed  by  units  and  numbers, 
that  the  latter  have  meaning  only  as  qualifying  the  former  .  .  .  The  book  is 
well  and  accurately  printed.  It  contains  pages  on  pages  of  suitable  examples 
for  exercise.  It  is  to  be  highly  recommended." 

The  Literary  World  says : — "  Arithmetic  for  ScJiools  is  evidently  the 
work  of  a  thoroughly  good  teacher.  The  elementary  truth,  that  arithmetic  is 
common  sense,  is  the  principle  which  pervades  the  whole  book,  and  no 
process,  however  simple,  is  deemed  unworthy  of  clear  explanation.  Where 
it  seems  advantageous  a  rule  is  given  after  the  explanation.  As  examples  of 
Mr.  Lock's  clearness,  we  may  refer  to  "Tests  of  Divisibility,"  pp.  60,  61, 
and  "Becurring  Decimals,"  p.  126  .  .  .  Mr.  Lock's  admirable  Trigonometry, 
published  last  year,  and  the  present  work  are,  to  our  mind,  models  of  what 
mathematical  school-books  should  be." 

The  Dublin  Evening  Mail  says: — "  One  good  feature  of  this  handsome 
and  well-stored  little  book  is  the  almost  total  omission  of  rules  .  .  .  Mr.  Lock 
adopts  the  sensible  practice  of  taking  a  particular  example,  showing  you 
what  to  do  with  it,  and  explaining  every  step  you  take  and  the  reason  of  the 
whole  process  .  .  .  Diagrams  are  used  to  exhibit  different  orders  of  magnitude, 
and  considerable  attention  is  paid  to  methods  of  approximation,  a  subject 
neglected  in  most  elementary  text-books,  but  of  an  importance  for  practical 
purposes,  which  is  now  being  fully  recognized.  We  heartily  commend  this 
book  to  those  who  do  not  grudge  four  or  five  shillings  on  an  arithmetic." 

The  Scotsman  says:— "The  Kev.  J.  B.  Lock's  Arithmetic  for  Schools 
(Macmillan  &  Co.)  adds  another  to  the  many  attempts  which  have  been 
made  to  meet  this  rudimentary  branch  of  mathematics  in  a  manner  at  once 
intelligible  to  young  pupils  and  at  the  same  time  systematically  scientific  .  . 
The  work  is  one  of  the  best  elementary  text-books  we  have  met  with." 
'  The  School  Guardian  says : — "  It  is  difficult  at  first  to  see  what  scope 
there  can  be  for  the  writer  of  a  new  Arithmetic  for  Schools;  it  is,  therefore, 
high  praise  to  say  that  Mr.  Lock's  volume  is  its  own  justification.  There  is 
very  little  actual  novelty  in  it,  yet  it  gives  the  reader  an  idea  at  once  of 
freshness  and  completeness  .  .  .  Altogether,  Mr.  Lock's  volume  is  excellent ; 
the  matter  is  well  arranged,  and  the  explanations  are  simple  enough  for  the 
beginner  to  understand  for  himself." 


Works  by  the  Rev.  J.  B.  Lock. 

ARITHMETIC  FOR  BEGINNERS.    A  School  Class  Book 

of  Commercial  Arithmetic.    Globe  8vo.    2s.  Qd. 

A  KEY  to  "  Arithmetic  for  Beginners,"  by  the  Rev.  R.  G. 
WATSON,  M.A.,  formerly  Head  Master  of  the  Dorset  County  School. 
Crown  8vo.  8s.  6d. 

The  Journal  of  Education  says  :— "  This  Arithmetic  is  founded  on  the 
author's  larger  work,  such  alterations  having  been  made  as  were  necessary  to 
render  it  suitable  for  less  advanced  students,  and  in  particular  for  those  who 
are  candidates  for  commercial  certificates.  Tables  of  foreign  money  are  given 
with  the  approximate  values  at  the  present  moment,  and  stocks,  exchange, 
etc.,  are  very  fully  explained  and  illustrated  from  recent  money  articles,  so 
that  the  book  is  well  adapted  to  the  requirements  of  this  new  class  of 
examinations.  A  chapter  on  Recurring  Decimals  and  a  small  collection  of 
recent  Examination  Papers  are  placed  at  the  end  of  the  volume." 

The  Practical  Teacher  says  : — "  Mr.  Lock's  reputation  as  an  author 
was  made  by  his  text-book  upon  Trigonometry,  and  it  has  been  increased  by 
his  later  work  on  Dynamics.  He  has  now  issued  a  school  class-book  written 
mainly  with  a  view  to  meet  the  requirements  of  the  new  examination  for 
commercial  certificates.  Hence,  more  prominence  is  given  to  exchange  and 
foreign  money,  and  less  to  recurring  decimals.  But  while,  perhaps,  specially 
intended  for  a  specific  purpose,  the  book  will  be  found  useful  in  almost  all 
schools,  as  it  contains  enough  of  theory  and  abundance  of  practice.  Readers 
of  Mr.  Lock's  other  books  will  not  be  surprised  at  the  singular  precision  and 
clearness  of  the  statements.  The  author  has  three  marked  qualifications  for 
his  work :  he  is  thoroughly  master  of  his  subject,  he  is  a  successful  and 
experienced  teacher,  and  he  has  the  faculty  of  literary  expression.  We 
have  no  doubt  it  will  be  very  largely  used.  It  is  an  honest  and  trustworthy 
book  to  be  put  in  a  boy's  hand." 

Nature  says: — "Numerous  examples  are  given  in  the  text,  and  six 
examination  papers,  and  answers  to  all  questions,  complete  a  capital  hand- 
book." 

A  SHILLING  BOOK  OF  ARITHMETIC  FOR  ELE- 
MENTARY SCHOOLS.  18mo.  Is.  Also  with  Answers.  Is.  M. 

The  Guardian  says  : — "  This  little  book  differs  from  most  books  of  the 
class  in  that  it  is  based  on  scientific  principles.  It  is  founded  on  his  larger 
book,  some  of  the  modifications  being  intended  to  meet  the  requirements  of 
the  new  code  of  regulations  for  elementary  schools.  It  is  to  be  noticed  that 
he  completely  separates  the  '  unitary  method  '  from  that  of  ratio." 

The  Schoolmaster  says : — "  An  excellent  book  of  elementary  arithmetic. 
The  explanatory  portion  is  pithy  but  clear,  and  the  examples  plentiful,  well 
graduated  and  fairly  difficult,  so  as  to  test  a  pupil's  grasp  of  the  subject 
without  too  much  discouragement  to  his  efforts  to  penetrate  the  mysteries  of 
the  arithmetical  problem." 

The  Glasgow  Herald  says : — "  The  explanations  of  the  rules  are  models 
of  lucidity,  and  the  examples  are  very  numerous.  It  is  a  very  complete 
compendium  of  the  subject,  and  its  price — with  answers  eighteenpence — 
should  be  a  strong  recommendation  in  its  favour  compared  with  that  of  some 
of  the  books  in  use." 
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The  Literary  World  says  : — "  The  Shilling  Book  of  Arithmetic,  by  the 
Rev.  J.  B.  Lock,  is  especially  intended  for  our  elementary  schools. 
Accordingly  a  separate  chapter  is  given  to  the  method  of  unity  before 
proportion  is  dealt  with  in  the  usual  way.  A  special  edition,  with  answers, 
is  published  at  Is  6d." 

The  Academy  says  : — "  Mr.  Lock  ...  in  this  handy  little  volume  has 
provided  sound  food  for  his  customers  and  plenty  of  it.  The  foundation  is 
his  Arithmetic  for  Schools,  but  he  has  diverged  here  and  there  to  meet  the 
requirements  of  the  New  Code.  The  work  is  clearly  printed,  and  the  copy  in 
our  hands  is  furnished  with  answers  to  the  numerous  examples." 

The  Dublin  Evening  Mail  says : — "  This  is  a  capital  little  shilling 
arithmetic,  published,  with  answers,  at  Is.  6d.  The  work  is  principally 
based  on  Mr.  Lock's  Arithmetic  for  Schools,  with  improvements  and  altera- 
tions to  adapt  it  to  the  requirements  of  juvenile  classes.  The  chief  differences 
are — (1)  the  separation  of  the  examples  on  £  s.  d.  from  those  on  their 
compound  quantities ;  (2)  the  complete  separation  of  the  unitary  method 
from  that  of  ratio ;  (3)  the  treatment  of  ratio.  With  this  explanation  the 
author  offers  his  work  to  the  public,  and  we  sincerely  hope  it  will  meet  with 
the  success  which  its  simplicity  and  clearness  deserves." 

Steamship  says :  — "  An  arithmetic  text-book  versed  on  scientific 
principles  for  the  use  of  elementary  schools  is  provided  in  this  work.  The 
subject  is  treated  in  a  rational  manner,  numerous  examples  being  given. 
The  questions  are  interesting  and  practical,  and  the  whole  get-up  is  to  be 
commended." 

TRIGONOMETRY   FOR    BEGINNERS,  as  far  as  the 

Solution  of|  Triangles.     Fourth.  Edition.     Revised  and  enlarged. 
Globe  8vo.    2s.  6d. 

A    KEY  to  "Trigonometry   for    Beginners,"   Adapted   from 
the  Key  to  the  "  Elementary  Trigonometry."    Crown  8vo.     6s.  6d. 

The  Schoolmaster  says : — "  It  is  exactly  the  book  to  place  in  the  hands 
of  beginners . . .  Science  teachers  engaged  in  this  particular  branch  of  study 
will  find  the  book  most  serviceable,  while  it  will  be  equally  useful  to  the 
private  student." 

Nature  says  ; — "  Mr.  Lock's  great  advantage  is  preceptorial  skill  in 
arrangement  and  exposition.  On  this  score  he  deserves  much  credit  indeed. 
There  are  few  points  in  which  it  is  possible  to  suggest  improvement." 

The  Journal  of  Education  says  : — "A  very  concise  and  complete  little 
treatise  on  this  somewhat  difficult  subject  for  boys ;  not  too  childishly  simple 
in  its  explanations ;  an  incentive  to  thinking,  not  a  substitute  for  it.  The 
schoolboy  is  encouraged,  not  insulted.  The  illustrations  are  clear.  Abundant 
examples  are  given  at  every  stage,  with  answers  at  the  end  of  the  book,  the 
general  correctness  of  which  we  have  taken  pains  to  prove.  The  definitions 
are  good,  the  arrangement  of  the  work  clear  and  easy,  the  book  itself  well 
printed.  The  introduction  of  logarithmic  tables  from  one  hundred  to  one 
thousand,  with  explanations  and  illustrations  of  their  use,  especially  in  their 
application  to  the  measurement  of  heights  and  distances,  is  a  very  great 
advantage,  and  affords  opportunity  for  much  useful  exercise." 

The  Indian  Engineer  says : — "  Mr.  Lock's  treatment  of  the  subject  has 
invested  it  with  interest,  even  in  the  more  abstruse  parts.  We  may  add  that 
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this  is  due  to  a  clearness  of  method  and  a  conciseness  not  approached  by 
other  writers.  The  chief  interest  that  the  present  work  may  have  for  some 
of  our  readers  will  arise  from  the  fact  that  it  can  be  used  as  a  '  refresher,' 
when  occasion  demands,  in  engineering  practice.  Its  simplicity  and  lucidity 
facilitate  this  object,  so  that  '  he  that  runs  may  read.'  The  chapters  on 
Logarithms  and  the  use  of  Mathematical  Tables  are  very  full,  embodying 
much,  and  presenting  it  hi  an  improved  form." 

ELEMENTARY    TRIGONOMETRY.     Stereotyped  (the 

sixth)  Edition.    Globe  8vo.    4s.  Qd. 

A  KEY  to  "Elementary  Trigonometry,"  by  HENRY  GARB,  B.A., 
of  the  Grammar  School,  Lagos,  West  Africa.  Crown  8vo.  8s.  Qd. 

Mr.  E.  J.  EOUTH,  Sc.D.,  F.E.S.,  writes  :— "  It  is  an  able  treatise.  It  takes 
the  difficulties  of  the  subject  one  at  a  time,  and  so  leads  the  young  student 
easily  along." 

Nature  says  : — "  The  work  contains  a  very  large  collection  of  good  (and 
not  too  hard)  examples.  Mr.  Lock  is  to  be  congratulated  when  so  many 
Trigonometries  are  in  the  field,  on  having  produced  so  good  a  book,  for  he 
has  not  merely  availed  himself  of  the  labours  of  his  predecessors,  but  by  the 
treatment  of  a  well-worn  subject  has  invested  the  study  of  it  with  interest." 

The  Athenaeum  says  : — "  This  work  is  carefully  and  intelligently  com- 
piled." 

Iron  says : — "  This  work  contains  that  part  of  the  subject  which  can 
conveniently  be  explained  without  the  use  of  infinite  series.  The  examples 
are  numerous,  and  for  the  most  part  easy.  On  that  account  the  book  is 
suitable  either  for  class  teaching  or  for  private  study." 

The  New  Zealand  Schoolmaster  says  :— "  It  is  a  most  teachable  book. 
Mr.  Lock  is  an  experienced  teacher,  having  been  twelve  years  an  assistant 
master  at  Eton,  and  he  certainly  has  made  good  use  of  his  experience  in 
noting  difficulties  in  the  student's  way  and  explaining  them  away.  His 
definitions  are  all  that  can  be  desired.  The  chapters  on  Logarithms  and  the 
use  of  Mathematical  Tables  are  ably  written.  We  anticipate  this  work  will 
become  generally  acceptable  to  teachers  of  mathematics." 

Engineering  says  : — "  Mr.  Lock  has  contrived  to  invest  his  subject  with 
freshness.  His  treatment  of  circular  measure  is  very  clear,  and  calculated 
to  give  a  beginner  clear  ideas  respecting  it.  Throughout  the  book  we  notice 
neat  geometrical  proofs  of  the  various  theorems,  and  the  ambiguous  case  is 
made  very  clear  by  the  aid  of  both  geometry  and  analysis.  The  examples 
are  numerous  and  interesting,  and  the  methods  used  in  working  out  those 
which  are  given  as  illustrations  are  terse  and  instructive." 

HIGHER  TRIGONOMETRY.  Fifth  Edition,  revised  and 
enlarged.  Globe  8vo.  4s.  Qd.  Both  Parts  in  One  Volume.  Globe  8vo. 
7s.  6d. 

The  Cambridge  Review  says  : — "  This  little  book  is  obviously  the  work 
of  one  who  has  had  considerable  experience  in  teaching ;  it  is  written  very 
clearly,  the  statements  are  definite  and  the  proofs  concise,  and  yet  a  teacher 
would  not  find  it  necessary  to  add  much  in  the  way  of  supplementary  expla- 
nation; there  is  a  copious  supply  of  examples — both  throughout  the  text 
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and  in  the  examination  papers  at  the  end — the  solution  is  always  so  much 
more  instructive  than  any  amount  of  explanation.  Many  things  generally 
taught  here  appear  for  the  first  time  in  a  text-book,  notably  the  ambiguity  of 
logarithms  (p.  29),  and  we  welcome  the  appearance  of  the  hyperbolic  sine 
and  cosine,  whose  introduction  to  common  usage  would  save  much  labour, 
and  make  several  systems  of  formulas  symmetrical  and  complete." 

DYNAMICS  FOR   BEGINNERS.    Third  Edition,  stereo^ 

typed.     Globe  8vo.     4s.  6^. 

The  Saturday  Review  says : — "  The  parts  that  we  have  more  carefully 
read  we  have  found  to  be  put  with  much  freshness,  and  altogether  the  treat- 
ment is  such  as  to  make  the  subject  interesting  to  an  intelligent  pupil." 

Engineering  says : — "  This  is  beyond  all  doubt  the  most  satisfactory 
treatise  on  Elementary  Dynamics  that  has  yet  appeared." 

The  Athenaeum  says : — "  That  this  book  has  already  reached  a  third 
edition  is  a  proof  that  teachers  entertain  the  same  favourable  opinion  of  it 
which  we  expressed  when  it  first  appeared." 

Nature  says: — "This  book  is  an  attempt  to  explain  the  Elementary 
principles  of  Dynamics  in  a  manner  suitable  for  school- work  with  boys 
of  ordinary  mathematical  attainments.  Accordingly  it  contains  a  great 
number  of  easy  numerical  examples,  some  worked  out  in  illustration  of 
the  text,  the  others  arranged  in  groups  at  frequent  intervals.  There  is 
considerable  freshness  in  these  exercises,  and  they  form  altogether  a  very 
useful  series. 

The  work  is  divided  into  four  sections.  The  first  treats  exclusively  of 
rectilinear  dynamics,  thus  avoiding  at  the  beginning  of  the  subject  all  purely 
geometrical  difficulties. 

The  second  section  introduces  the  notion  of  directed  or  vector  quantities, 
and  deals  with  the  application  of  the  parallelogram  law  to  displacements, 
velocities,  accelerations,  and  forces  in  succession. 

Next  we  have  a  section  on  applications  of  the  preceding  to  projectiles, 
oblique  impact,  circular  motion,  and  relative  motion,  concluding  with  a 
short  chapter  on  the  hodograph. 

The  final  section  deals  with  energy,  work,  and  power.  These  last  three 
or  four  chapters  read  in  connexion  with  the  first  section  would  form  a 
suitable  first  course  in  many  cases,  involving  no  mathematics  beyond  a 
knowledge  of  simple  equations  in  algebra. 

The  exposition  throughout  is  remarkable  for  clearness  and  precision  of 
statement.  The  definitions  of  terms  seem  particularly  well  worded.  The 
names  velo  and  celo  have  been  adopted  for  the  units  of  velocity  and 
acceleration,  and  are  used  systematically  in  both  text  and  examples ; 
we  hope  these  terms  may  win  their  way  to  general  acceptance,  for  the 
language  of  the  subject  gains  both  in  simplicity  and  directness  by  their 
introduction. 

I'he  debt  of  gratitude  which  many  teachers  and  students  already  owe  to 
Mr.  Lock  will  be  considerably  increased  by  this  new  class-book  on  a  difficult 
subject,  wherein  it  appears  to  us  that  the  skill  and  experience  of  the  author 
are  displayed  with  great  advantage." 
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Iron  says: — "  The  book  purports  to  be  for  beginners,  and  is  quite  suited 
fortthe  purpose.  It  is  pre-eminent  for  the  clearness  of  its  arrangement.  In 
none  have  we  seen  all  parts  of  the  subject  so  opened  out,  isolated,  and 
examined,  like  parts  of  a  piece  of  mechanism,  and  then  replaced  and  set 
in  action.  The  most  noteworthy  advance  which  this  book  makes  on  its 
predecessors  is  the  bold  introduction  of  new  units,  mainly  those  for  velocity 
and  acceleration.  A  want  of  them  has  retarded  progress  very  seriously,  and 
we  recognize  the  debt  we  owe  to  the  courage  of  the  author  in  committing 
himself  and  the  success  of  his  book  to  so  bold  a  venture.  We  sincerely 
trust  it  may  be  successful." 

The  Cambridge  Review  says : — "  Mr.  Lock's  exposition  of  the  subject 
is  clear  and  succinct,  almost  too  succinct,  and,  so  far  as  we  have  noticed, 
accurate.  .  .  .  Mr.  Lock  knows  from  experience,  it  is  clear,  what  are  the 
main  difficulties  which  beset  the  beginner;  and  he  has  succeeded  to  a 
considerable  extent  in  smoothing  them  down." 

The  Dublin  Evening-  Mail  says  : — "  Simplicity  is  the  attribute  espe- 
cially required  in  an  elementary  school-book,  and  Mr.  Lock  has  succeeded  in 
treating  the  subject  of  Dynamics  so  ably  that  any  tyro  could,  unaided, 
perfectly  understand  all  that  he  has  written." 

The  School  Guardian  says : — "  There  is  probably  no  subject  ordinarily 
read  by  young  students  that  contains  so  many  pitfalls  as  dynamics,  and  yet 
very  few  books  of  a  really  elementary  character  have  been  published  in 
which  the  fundamental  principles  of  motion  are  explained  in  such  a  way  as 
to  be  readily  understood  by  beginners.  We  therefore  give  a  welcome  all 
the  more  cordial  to  Mr.  Lock's  Dynamics  for  Beginners,  since  it  seems  to  us 
to  meet  a  long-felt  want.  Its  definitions  and  enunciations  are  clearly  laid 
down  and  explained,  and  the  application  of  important  theorems  to  the 
solution  of  problems  is  shown  in  the  working  out  of  a  large  variety  of 
questions.  The  volume  concludes  with  a  collection  of  examination  papers 
of  recent  date,  including  the  Tripos  questions  of  the  last  two  years  in 
dynamics.  The  student  may  get  Mr.  Lock's  book  with  the  assurance  that 
of  introductory  works  on  the  subject  he  will  find  none  more  simple,  more 
accurate,  and  more  complete." 

ELEMENTARY    STATICS.       A    Companion   Volume    to 
"Dynamics  for  Beginners."     Globe  8vo.    4s.  Gd. 

Nature  says : — «'  Many  are  the  treatises  which  deal  with  the  subject  of 
elementary  statics,  but  few  can  rival  in  clearness  the  present  stereotyped 
edition  of  Mr.  Lock's  work.  The  alterations  that  have  been  made  have  not 
necessitated  any  considerable  change  in  the  character  of  the  book.  By  the 
addition  of  some  fully  worked  out  illustrated  problems,  and  of  a  carefully 
graduated  set  of  interesting  examples  for  the  student  to  solve,  the  author 
has  slightly  enlarged  the  scope  of  the  treatise.  The  number  of  the  miscel- 
laneous  examples  at  the  end  have  been  greatly  increased  by  the  insertion  of 
problems  that  have  appeared  in  the  Cambridge  examinations  in  the  last  two 
or  three  years.  The  subject  throughout  is  treated  in  the  author's  best  style, 
and  the  book  can  be  cordially  recommended  for  the  use  of  beginners." 

The  Educational  Times  says  :— "  This  book  is  a  companion  volume  to 
the  same  author's  already  published  Dynamics.  It  is  marked  by  the  same 
clearness  and  accuracy,  and  affords  further  testimony  of  Mr.  Lock's  ability 
both  as  a  teacher  and  as  a  writer  of  text-books." 
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Iron  says  : — "  The  book  is  likely  to  be  a  favourite  school-book." 

The  Academy  says  : — "  A  new  book  by  Mr.  Lock  is  always  welcome.  Time 
only  improves  his  intelligent  handling  of  a  subject,  and  enables  him  to  select 
with  greater  certainty  just  those  facts  which  most  need  to  be  elucidated  for 
juniors." 

The  Schoolmaster  says : — "  This  volume  on  statics  has  been  as  carefully 
prepared  as  any  of  the  other  scientific  works  bearing  the  name  of  Mr.  Lock. 
They  all  carry  with  them  the  stamp  of  thoroughness  and  experience,  and  this 
on  statics  is  admirable,  for  its  careful  gradations  and  sensible  arrangement 
and  variety  of  problems  t©  test  one's  knowledge  of  that  subject." 

The  Guardian  says : — "In  his  ' Elementary  Statics '  Mr.  Lock  has  made  a 
valuable  addition  to  his  useful  series  of  mathematical  class  books.  . .  a  special 
feature  of  that  little  book  is  an  interesting  chapter  on  '  Graphic  Statics '." 

The  Cambridge  Review  says: — "We  can,  without  hesitation,  recommend 
this  little  work  as  a  text-book  for  beginners.  In  most  respects  the  work 
is  excellent.  The  examples  are  well  chosen,  and  none  of  them  too  difficult 
for  intelligent  beginners." 


TRIGONOMETRY  OF  ONE  ANGLE.  GioteSvo.  2s  Gd. 

[Shortly. 

This  little  book  is  intended  for  those  students  who  require  a  knowledge  of 
the  properties  of  "  sines  and  cosines,"  for  use  in  the  study  of  elementary 
mechanics.  The  properties  of  the  Trigonometrical  Eatios  are  so  simple  and 
a  knowledge  of  them  is  so  easily  acquired  that  it  is  hoped  that  this  little 
book  will  supply  a  suitable  text  book  for  those  students  who  have  not 
leisure  to  study  the  more  difficult  properties  of  compound  angles.  The 
book  contains  all  the  Trigonometry  necessary  for  the  Previous  Examination 
at  Cambridge. 

ELEMENT AR  Y  MECHANICS.     Globe  SYO.  [m  the  Press. 

EUCLID  FOR   BEGINNERS.       Introductory  to   existing 
text -books.     Globe  8vo.  [In  Preparation. 
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